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Abstract. One method to estimate the position of the critical endpoint of QCD
is to model the free energy as a rational function of the baryon chemical po-
tential pp and determine the Lee-Yang edge singularities. Using high-statistics
simulations on 4HEX improved staggered 16> x 8 lattices by the Wuppertal-
Budapest Collaboration we estimate the location of the closest singularity in the
QCD phase diagram. Using this lattice setup we are able to reach an unprece-
dentedly low temperature of 7 = 100 MeV in our simulation dataset. To under-
stand the true predictive power of such an approach, we analyze the systematic
uncertainties of such an approach in detail. We compare various ansitze, in-
cluding formulations that preserve baryon charge quantization by forcing the
appropriate periodicity in the imaginary chemical potential. The parameters
can be constrained by the cumulants of the net baryon density calculated with
lattice simulations at 43 < 0. Thus, we also compare single point and multipoint
Padé approximations.

1 Introduction

Mapping the QCD phase diagram in the (7', up) plane remains a key objective of heavy-ion
physics. At vanishing chemical potential, the transition from hadronic matter to quark—gluon
plasma is a crossover [1]. However, at finite density, the structure of the phase diagram and
the possible existence of a critical endpoint are still uncertain.

The analysis procedure employed in this work, described in detail in Ref. [2], is based on
simulations with 16 x 8 lattices using 4HEX staggered fermions, following earlier studies [3]
but with greatly increased statistics. At zero chemical potential, around 2 million configura-
tions per temperature were collected and around 100,000 configurations per temperature and
imaginary chemical potential. This dataset makes it possible to determine baryon-number
fluctuations y, = (0"(p/T*)/(O(us/ T)n)|/»lB:0 with unprecedented accuracy, including pres-
sure derivatives up to the tenth order. Figure 1 shows the resulting y,, as functions of temper-
ature. The fixed physical volume allows us to control the sixth and eighth orders with high
precision, and here we report the first lattice determination of the tenth-order coefficient.
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Figure 1. Temperature dependence of the pressure derivatives with respect to up at uz = 0 on 16> x 8
4HEX ensembles. Curves indicate spline interpolations of the data points.

2 Results

The Lee-Yang zeros are the zeros of the partition function in the complex chemical potential
plane. Their approach to the real axis reflects the nature of the transition. For a second-
order phase transition, the scaling is given by [4] as Im up ~ V’%, which corresponds
to Im up ~ V=8 for 3D Ising exponents. In the thermodynamic limit, the accumulation of
zeros on the real axis generates the singularity of the free energy. When the volume correction
is suppressed, the temperature dependence is dominated by Im pp ~ |T — Teepl.

To reach the complex plane, we use rational [m,n]-Padé F[x] of the pressure, with the
expansion variable x = cosh(fig) — 1 = 343 + O(fiy), fip = pup/T, which respects charge
conjugation and Roberge-Weiss symmetries. For comparison, earlier works used x = up [5]
or x = ,u% [6]. This parameterization allows us to locate the leading Lee-Yang zeros and track
their temperature dependence, providing estimates of the critical endpoint.

In Fig. 2 we show the fitted rational function in the interval [0, in] of imaginary ug/T,
and its continuation to [imr,i2x] using charge conjugation symmetry. This example, at
T = 135MeV, uses the Ap ansatz and y, as the observable. The quantity Ap represents
the pressure difference with respect to 7 = 0 and is obtained from the integral of y;. The fit
includes y1, ..., ys at eight imaginary valued chemical potentials, and y», ..., y10 at up = 0.
Both cosh(jig)-Padé and ,u%-Padé describe the data well in [0, irr], with the residuals shown in
the lower panel. The benefit of cosh(fiz)-Padé becomes evident in the extended region, where
it follows the mirrored data in contrast to pé—Padé.

The LYZ can be extracted from the denominator of the fitted ansatz by solving the roots
algebraically. Each estimate of the leading Lee- Yang zero relies on an analytic continuation to
complex chemical potentials, which can introduce systematic uncertainties. To assess these,
we incorporate three different choices for F, namely Ap, ,\(f ,and )(123.

Assuming the CEP exists, universality arguments imply the asymptotic behavior of
Eq. (2). Since our data are far from the CEP, an extrapolation over a large temperature range
is required, which introduces additional systematic uncertainty. To assess this, we consider
four different scaling ansitze with identical asymptotics but distinct behaviors away from
criticality:

1
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Figure 2. Fit of the Padé with m = 1 and n = 2, using x = cosh(u/T) (orange) and x = u% (green).
Shown is the case T = 135 MeV with an ansatz for Ap in [0, i], extended to [ix, i27].
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Figure 3. Extrapolation of the critical temperature using the two of the four different scaling ansitze.
Near the CEP, all four ansétze are asymptotically equivalent, though farther away they lead to different
behavior. The two (unstable) branches of the noisy HRG model (nHRG) baseline is also shown.

Figure 3 compares these fits with a non-critical baseline from an ideal hadron resonance
gas including statistical noise (nHRG). Below 7' = 130 MeV the lattice results agree with the
baseline and are therefore not constraining, so this range (shown in grey) is excluded from the
fits. The resulting extrapolations yield CEP estimates spanning from the nuclear liquid—gas
region to the high-temperature chiral regime.

An equally important source of uncertainty is the choice of the temperature range used in
the fits. Lower temperatures are more reliable for extrapolating towards a Lee-Yang zero on
the real up axis, but they require higher statistics due to the unresolved sign problem. Within
the available window 7" = 130-155 MeV, we therefore consider all six possible sub-windows
that include at least four temperature points as part of the systematic analysis.

3 Conclusion

The three choices of F, the four scaling ansétze and six fitting windows result in 72 analy-
ses. All fits have acceptable y? values and are combined with uniform weights into a single
cumulative distribution function (CDF) for T¢gp, assuming Gaussian distributions for the in-
dividual fits. The resulting distribution is shown in Fig. 4. With 84% probability the CEP
lies below T' = 103 MeV, or does not exist. If it exists, the most likely position (peak of the
posterior distribution) is around 7 = 70 MeV.
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Figure 4.  The histogram (left) and the cumulative distribution function for the critical endpoint
temperature 7cgp. (We indicate the location of the liquid-gas critical endpoint with the label LG).
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