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Abstract. Understanding how planetary magnetic fields are generated and
sustained requires careful analysis of how key physical quantities respond to
changes in the underlying control parameters. In this work, we focus on the
scaling behaviour of magnetic energy, dipolarity, field symmetry, and
temporal variability with respect to the Rayleigh number (Ra), a key driver
of convective vigour. Using the XSHELLS simulation framework, we carry
out a series of dynamo simulations in rotating spherical shells,
systematically varying Ra along with the Ekman number (E) and magnetic
Prandtl number (Pm). Our results highlight clear transitions in magnetic field
structure—from strong, stable dipoles to weaker, multipolar states—as Ra
increases. We identify scaling laws that relate the intensity and geometry of
the magnetic field to Ra and Pm, and track how spectral energy distributions
shift with these parameters. In particular, we find that decreasing E leads to
the development of rotationally constrained flows and quasi-geostrophic
dynamics, which strongly influence magnetic field morphology. Overall,
this study emphasizes the role of Ra as a central control parameter in dynamo
models and provides a clearer picture of how convective forcing shapes
planetary magnetic fields.
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1 Introduction

Planetary magnetic fields are the result of dynamo action: a process in which fluid motion
in a conducting medium converts kinetic energy into magnetic energy. In the case of Earth,
this takes place in the fluid outer core, where thermochemical convection of liquid iron in the
presence of planetary rotation gives rise to the geomagnetic field. This field plays a vital role
in shielding the planet from solar wind and cosmic radiation, and its long-term behaviour —
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including secular variation and polarity reversals — has been a subject of scientific interest
for over a century [1-3].

Understanding the mechanisms behind dynamo action remains one of the central
challenges in geophysics and planetary science. The governing equations of
magnetohydrodynamics (MHD), when applied to a rotating spherical shell under the
Boussinesq approximation, provide a theoretical foundation to investigate dynamo processes.
Numerical simulations of these equations have been instrumental in advancing our
understanding of core dynamics, especially through the identification of various dynamo
regimes and force balances [4-8]. However, due to the extreme parameter values
characteristic of Earth’s core — such as very low Ekman numbers and high Rayleigh numbers
— direct numerical simulations at realistic conditions remain computationally inaccessible.
This has motivated the development of scaling laws that can relate observable quantities (e.g.,
magnetic field strength, flow speed, heat transport) to dimensionless control parameters such
as the Rayleigh number Ra, the Ekman number £, and the magnetic Prandtl number Pm [9—
12].

Among these parameters, the Rayleigh number plays a particularly important role, as it
quantifies the strength of the buoyancy forcing relative to diffusive effects, and thereby
controls the vigour of convective motion. In planetary settings, Ra can span many orders of
magnitude, and its variation is closely linked to changes in the internal heat budget, core
composition, and secular cooling [13—15]. Although extensive efforts have been made to
describe how global dynamo quantities such as magnetic energy, dipolarity, or heat flux scale
with Ra [16-20], much less attention has been given to the scaling of velocity components
individually, especially in spherical coordinates. Yet, such information is essential for
understanding the spatial structure of convective flows and their role in the induction process.
In particular, radial and azimuthal velocity components have distinct physical implications:
the former is associated with heat transport and upwelling/down-welling flows, while the
latter is closely linked to zonal winds and large-scale shear.

In this paper, we aim to identify preliminary scaling relationships between the Rayleigh
number and the mean values of the velocity components in the spherical coordinate system
(r, 0, ¢). This is achieved through a suite of numerical simulations of convection-driven
dynamos in rotating spherical shells, performed over a broad range of Rayleigh numbers
while keeping other relevant parameters fixed. Our results contribute to the ongoing effort of
building predictive scaling frameworks for planetary dynamos, with implications for both
terrestrial and other planetary magnetic fields.

The paper is organized as follows: in section 2 we discuss the model, the numerical
environment used to simulate the model and the numerical setup. In section 3 we provide
some preliminary results and in section 4 we discuss these findings. The paper ends with
some conclusions.

2 The model and XSHELLS

2.1 The model

The physical model studied in this work is based on the classical approach to simulating
convection-driven dynamos in rotating spherical shells. This configuration serves as an
idealized yet physically meaningful representation of Earth’s outer core and those of other
terrestrial planets. The model assumes a spherical shell filled with an electrically conducting,
incompressible fluid, subject to an imposed temperature contrast between the inner and outer
boundaries, and rotating uniformly around the vertical axis. The flow is driven by buoyancy
forces resulting from internal heating or boundary-driven thermal gradients, and it is
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influenced by Coriolis forces due to planetary rotation. This setup captures the essential force
balances at play in planetary interiors — particularly the interaction between inertial, Coriolis,
buoyancy, viscous, and Lorentz forces — while remaining computationally tractable for
numerical exploration [21-23].

To make the system more amenable to numerical analysis, we adopt the Boussinesq
approximation, which assumes that density variations are negligible except where they
appear in the buoyancy term. This simplification allows for energy-conserving formulations
and avoids the complexities introduced by compressibility, while still preserving the basic
structure of convective motions and their interaction with magnetic fields [24, 25]. The
governing equations are non-dimensional using the shell thickness D = r, — r; as the length
scale, the viscous diffusion time D?/v as the time scale, and the imposed temperature drop AT
as the temperature scale. The magnetic field is scaled by (punQ)'?, yielding the following
dimensionless system of equations:

%—i—(u-Vn)—i—%ﬁxu:—Vp—i-%Tr—i—{VXB)xB—i—Vzu (1)

%:Vx{uxB)—i—VzB (2)

% +(u-VT)=VT (3)

V.u=0, V.B=0 (4)

Equation (1) is the Navier-Stokes equation for an electrically conducting fluid flow in the
presence of viscous forces and governs the evolution of the fluid flow. Equation (2) is the
induction equation that describes the dynamics of the magnetic field as the outcome of two
competing mechanisms, the generation process due to the interaction with the velocity field
(first term on the R.H.S.) and the dissipative process due to magnetic diffusion (second term
on R.H.S.). Meanwhile, equation (3) is the heat equation that allows the reconstruction of the
temperature field across the outer core. Equations (4) impose the non-compressibility of the
fluid flow and allow divergence-less magnetic fields as solutions.

In these equations, u is the velocity field, B the magnetic field, 7' the temperature
perturbation, and p the modified pressure. The key dimensionless control parameters are: the
Rayleigh number Ra = agATD?/(vk), which quantifies the strength of buoyancy forcing; the
Ekman number E = v/(Q2D?), which measures the relative importance of viscous to Coriolis
forces; the Prandtl number Pr = v/k, representing the ratio of viscous to thermal diffusivity;
and the magnetic Prandtl number Pm = v/5, which characterizes the ratio of viscous to
magnetic diffusion. These four parameters determine the dynamical regime of the system and
are varied across different studies to explore diverse behaviours, from weak convection to
strongly chaotic, turbulent dynamos [26—29]. In this study, we focus on the scaling of the
velocity field components with respect to Ra, while keeping other parameters fixed, thus
isolating the effects of thermal forcing on convective flow structure.

2.2 The XSHELLS Framework

In the study of planetary dynamo processes, resolving the wide range of spatial and
temporal scales present in convection-driven turbulence remains a major computational
challenge. Classical pseudo-spectral codes based on spherical harmonics offer high accuracy
but often suffer from poor scalability on modern parallel architectures. This limitation has
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led to the development of alternative frameworks that retain spectral accuracy while
improving parallel performance. One of the most effective and widely used tools in this
context is XSHELLS — a high-performance numerical code designed to solve the
magnetohydrodynamic (MHD) equations in rotating spherical shells under the Boussinesq
approximation [30]. The code was developed to address the need for scalable simulations of
spherical convection and dynamo processes at low Ekman numbers and high Rayleigh
numbers, where traditional codes encounter computational bottlenecks.

XSHELLS combines spherical harmonic decomposition in the horizontal directions with
finite-difference discretization in the radial direction. This hybrid approach allows for both
high accuracy and efficient domain decomposition, which makes the code exceptionally well-
suited for massively parallel computations. It uses an implicit-explicit (IMEX) time-stepping
scheme, where linear terms (e.g., diffusion, Coriolis force) are treated implicitly while
nonlinear terms are handled explicitly. This formulation enables stable integration over long
timescales even in highly turbulent regimes. XSHELLS also includes options for stress-free
or no-slip mechanical boundary conditions and for fixed temperature or fixed flux thermal
boundary conditions, making it adaptable to a wide variety of physical setups [31, 32]. The
equations are written in dimensionless form and solved for the velocity, magnetic field, and
temperature fields simultaneously, making it ideal for convection-driven dynamo studies.

One of XSHELLS’ most notable features is its ability to simulate flows at very low
Ekman numbers, down to E~1077 or lower, which is critical for exploring asymptotic
geodynamo behaviour. It supports high-resolution simulations with spherical harmonic
truncations exceeding /,,.x = 1000, and scales efficiently across thousands of CPU cores using
MPI-based parallelization. The code has been benchmarked and validated extensively against
other numerical dynamo codes and analytical test cases [33]. Its computational performance
has enabled long-time integrations over multiple magnetic diffusion times, making it a
powerful tool for studying magnetic field reversals, secular variation, and chaotic dynamics.

XSHELLS has already played a central role in several ground-breaking studies. For
example, Schaeffer et al. (2017) used it to produce one of the first geodynamo simulations
that reach Earth-like force balances (magnetostrophic regime) at moderate magnetic
Reynolds numbers [32]. The code has also been used to explore the formation of torsional
oscillations, investigate the influence of magnetic boundary conditions, and study scaling
behaviour in rapidly rotating convection [34, 35]. More recent applications include modelling
core flows constrained by geomagnetic observations [36] and analysing scaling laws in
strongly turbulent dynamos [37]. Given its versatility, precision, and performance,
XSHELLS represents one of the most advanced and reliable tools currently available for
numerical studies of geophysical and planetary dynamos.

2.3 Numerical Integration

The numerical simulations presented in this study were carried out using a high-resolution
implementation of the Boussinesq MHD equations in a rotating spherical shell, as described
in the previous sections. The inner and outer radii of the shell are set to ;=035 and r, = 1,
giving an aspect ratio y = ri/r, = 0.35, which is close to that of the Earth's outer core. The
velocity field satisfies stress-free boundary conditions at both the inner and outer shells, while
temperature is fixed at both boundaries. Magnetic boundary conditions correspond to
electrically insulating surroundings. The equations are solved using a pseudo-spectral
decomposition in the angular directions and second-order finite differences in the radial
direction. Temporal integration is performed using an implicit-explicit (IMEX) scheme.
Simulations were carried out with spherical harmonic truncation up to /.. = 171, and radial
resolution of 96 grid points, ensuring spectral convergence for the entire parameter range
studied. Simulations with higher Ra require much larger /,... and higher radial resolution.



EPJ Web of Conferences 365, 06001 (2026)

BPUI2 Congress

The focus of this study is on understanding how the mean values of the three velocity
components — radial (), latitudinal (ug), and azimuthal (u4) — vary as a function of the
Rayleigh number Ra, which controls the thermal forcing. To isolate the role of convective
vigour, all other dimensionless parameters are held constant: the Ekman number is fixed at
E=10"* and the magnetic Prandtl number at Pm = 1. The Rayleigh number is varied over
in the range 80 to 180. We are aware that the values used in these simulations are far away
from the assumed range in the outer core. However, the aim with the actual paper is to show
that

Each simulation is evolved over several viscous diffusion times to ensure the system
reaches a statistically steady state. Time-averaged quantities are computed from the saturated
regime, and spatial averaging is performed over spherical shells to capture large-scale
features. The goal is to extract scaling relationships of the form (u;) ~ Ra® where u; €{u,, uy,
us}, and to interpret the resulting exponents in light of force balances and convection
dynamics. In this paper we will not provide such relations, as we are in the initial phases of
our project and we will limit ourselves in providing some preliminary results. The scaling
laws will be provided in a forthcoming paper that will contain most of the ongoing work.

https://doi.org/10.1051/epjconf/202636506001
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Fig. 1. Mean of velocity components {u-, us, us} in spherical coordinates, calculated for the spherical
shell half way from the inner core boundary to the core-mantle boundary (upper panel). Mean of
magnetic field components {B-, Bo, By} in spherical coordinates, calculated for the spherical shell half
way from the inner core boundary to the core-mantle boundary (upper panel).

3 Results

We have analysed two spherical shells, one half way from the inner core boundary to the
core-mantle boundary, and the other very close to the latter. Next, we have calculated the
mean of each component for each shell and the results are plotted in Fig. 1 and Fig. 2,
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respectively. The limited range of Ra does not allow us to arrive at robust conclusions
regarding possible scaling laws and the respective exponents. However, we notice that 14 and
By have a considerable decrease, as Ra increases. Meanwhile the other components remain
virtually unchanged, or vary just slightly. Considering the typical relations of u and B in the
dynamo mechanism, where the toroidal (0, 0, us) (poloidal (u, us, 0)) velocity field is related
to the poloidal (B, By, 0) (toroidal (0, 0, Bs)) magnetic field [2, 6, 16, 21, 22], these graphs are
just a manifestation of the terrestrial dynamo in action.
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Fig. 2. Mean of velocity components {u, uo, us} in spherical coordinates, calculated for the spherical
shell close to the core-mantle boundary (upper panel). Mean of magnetic field components {B:, Bo, By}
in spherical coordinates, calculated for the spherical shell close to the core-mantle boundary (upper
panel).

The first shell is in the bulk of the outer core and there the fluid flow is much less affected
by boundary layer effects. The mean of the velocity components and the magnetic field
components related by the dynamo mechanism vary smoothly and hand-by-hand with each-
other. The situation is not so clear in the case of the second shell, where we notice that
components have larger variations. We speculate that such rougher variations are due to the
nearby core-mantle boundary that are enhanced as Ra increases. The fact we can observe
such fact within such a limited range of Ra, indicates that the geodynamo is an extremely
sensitive system.

4 Discussion

Convection in Earth's outer core operates in an extreme regime characterized by very low
viscosity, strong rotation, and weak stratification. The Ekman number is estimated to be
around E ~ 10715, and the Rayleigh number likely exceeds 10°, placing the system deep into
a rotationally dominated turbulent regime [32]. Under such conditions, convection is strongly
anisotropic: fluid motions are organized into columnar structures aligned with the rotation
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axis (Taylor columns), and the flow is largely quasi-geostrophic, meaning that the Coriolis
force nearly balances the pressure gradient [33]. These constraints lead to flow patterns that
differ substantially from classical Rayleigh—Bénard convection and require specialized
modelling approaches that respect rotational symmetry and scale separation. Simulations
using intermediate Ekman numbers, such as those in this study, provide valuable insights into
how flow and field morphologies evolve as one transitions toward more realistic planetary
regimes.

A central aspect of outer core convection is the transport of energy — primarily thermal or
compositional — from the inner core boundary to the outer core-mantle boundary. In
numerical models, this is often analysed through the Nusselt number or, indirectly, through
the amplitudes and structure of the convective velocities. The radial component of velocity
(uy) governs vertical heat transport, while the azimuthal component (i) often reflects the
presence of zonal flows and geostrophic balance. The latitudinal component (ug) captures
secondary flows driven by the interaction of rotation and buoyancy. These components can
exhibit different scaling behaviours depending on the dominance of Coriolis, Lorentz, and
buoyancy forces. For example, in magnetostrophic balance — thought to apply in the Earth's
core — the Lorentz and Coriolis forces play a dominant role, constraining the amplitudes and
spatial profiles of the velocity and magnetic fields [34—36]. The analysis of these individual
components, as performed in this study, helps to illuminate the structure of the flow and its
role in sustaining the geodynamo.

The results of our simulations broadly align with previous studies of convection-driven
dynamos in rotating spherical shells. For instance, studies by King & Soderlund [38] and
Soderlund [39] have shown that as Ra increases, flow velocities do not necessarily grow
uniformly across all components. Instead, different components exhibit different sensitivities
to buoyancy forcing due to anisotropies introduced by rapid rotation and magnetic feedback.
Our findings reinforce this picture: while u, and uy exhibit relatively stable trends with
moderate variation, the azimuthal velocity component uy, often associated with large-scale
zonal flow, shows non-monotonic behaviour. This agrees with earlier results indicating that
zonal flows may be inhibited or enhanced depending on the dynamical regime [40]. The mean
magnetic field components also reflect the evolving force balances; in particular, the relative
growth of By at higher Ra, especially close to the core-mantle boundary, supports the idea
that the toroidal field becomes dominant in more vigorously driven states [41, 42].

From a geophysical perspective, these results suggest that the structure and efficiency of
core convection are highly sensitive to the strength of buoyant forcing, especially in regimes
where the Coriolis and Lorentz forces strongly influence the flow. The observed flattening
or even decline in some velocity components may indicate saturation effects, where magnetic
feedback quenches the flow intensity — a hallmark of magnetostrophic balance [43].
Moreover, changes in the dominant direction of convective motion have implications for how
energy and momentum are redistributed within the core, potentially influencing observable
features such as secular variation or torsional oscillations. The spatial anisotropy in the
scaling behaviour also implies that modeling efforts must carefully resolve directional
dynamics when extrapolating to planetary cores. Our results are in line with recent dynamo
simulations aimed at explaining hemispherical field asymmetries (e.g., on Mars) and core
stratification effects on Earth [44], further validating the role of directional diagnostics in
interpreting geodynamo processes.

5 Conclusions

In this study, we investigated the scaling behaviour of velocity and magnetic field
components in convection-driven dynamo simulations within a rotating spherical shell
geometry. Using a set of systematically designed numerical experiments based on the
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Boussinesq MHD model, we explored how the mean values of radial, latitudinal, and
azimuthal velocity components vary as a function of the Rayleigh number Ra, while keeping
other control parameters fixed. The simulations were performed using the XSHELLS
framework, which allowed for efficient and accurate resolution of the relevant dynamics
across a moderate range of supercritical Ra. Our analysis revealed that each velocity
component exhibits a distinct trend with increasing Ra, suggesting anisotropic responses of
the flow to thermal forcing. Similar directional dependencies were also observed in the
magnetic field components, underscoring the complex interplay between buoyancy, rotation,
and magnetic feedback.

These findings contribute to a more detailed understanding of the force balances and
convective structures operating in planetary interiors. In particular, the observed behaviour
of the azimuthal velocity component and its magnetic counterpart reflects the importance of
zonal flows and their modulation by magnetic tension — a phenomenon relevant for
understanding secular variation and torsional oscillations in Earth's core. Moreover, the
variations in radial and latitudinal components provide insight into the mechanisms
governing heat transport and magnetic field generation across different dynamical regimes.
By dissecting the flow structure in spherical coordinates, this study complements existing
global diagnostics such as magnetic dipolarity and total kinetic energy, offering a more
nuanced picture of the convective engine driving planetary dynamos.

Looking ahead, future work could extend this analysis to broader parameter regimes,
especially toward lower Ekman numbers and higher Rayleigh numbers, which would bring
simulations closer to Earth-like conditions. Incorporating variable boundary conditions,
compositional buoyancy, and magnetic boundary conductivity could further refine the
realism of the model. Additionally, exploring time-dependent scaling behaviour and coupling
to inverse modelling techniques might yield more direct links to observable geophysical
quantities, such as surface field morphology and geomagnetic secular acceleration. Finally,
investigating how anisotropic scaling laws relate to magnetic field reversals or hemispherical
asymmetries could open new pathways in understanding the long-term evolution of planetary
magnetic fields.
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