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Abstract. In this work we explore the classical and quantum descriptions of
the Kapitza-Dirac effect, the scattering of charged particles by a standing wave
electromagnetic field. In the classical case, initially we integrate numerically
the covariant Lorentz force equation, for a statistical ensemble of electrons in-
teracting with a superposition of two linearly polarized plane waves. We then
employ the relativistic ponderomotive force approximation to the same initial
conditions, and compare the two approaches across different field intensities.
We present a graphical representation of the final momentum distribution as a
function of the particles’ initial positions for different field intensities, and we
study the dependence of the magnitude of the momentum transfer on the field
intensity. In the quantum case we consider the Klein-Gordon equation for a
charged particle interacting with the same electromagnetic field. We look for a
solution of a particular form, inspired by the well known Klein-Gordon Volkov
states, and we show that in this case the Klein-Gordon equation reduces to a
linear Goursat equation, which we solve numerically. The exact quantum re-
sults are compared both with the classical predictions and with an analytical
approximation. We find that, in the intensity domain considered, the quantum
and classical approximations are in agreement.

1 Introduction

The study of the time evolution of an electron in a crossed plane wave electromagnetic field
has been a subject of interest for many years. The classical treatment, based on the solving of
the relativistic or non relativistic Lorentz force equations, constitutes a very good model for
testing different variants of the ponderomotive force approximation [1-4], or for studying the
transition from the regular to chaotic motion of the particles [5]. An important characteristic
of the process is that, if the two plane waves have different propagation directions, the mo-
mentum transfer is possible: the electron’s final momentum differs from its initial value. By
contrast, in the case of a single plane wave the equation of motion can be solved analytically
[6], and one can prove that for any initial conditions the velocity of the particle at the end of
the interaction is the same as at the initial moment. Our analysis focuses on the momentum
transfer, and on its dependence on the initial conditions and the field parameters. We also test
the validity of the ponderomotive approximation over a range of field intensities.
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The quantum treatment utilizes the Klein-Gordon equation. In regimes where spin effects
do not significantly perturb the dynamics, this approach yields results consistent with those
of the Dirac equation. We also note that the general techniques developed for the solution of
the Klein-Gordon equation can be easily extended also for the Dirac equation. Similar to the
classical case, both the Klein-Gordon and the Dirac equation admit an analytical solution for
the case of a single plane wave; the solutions are the so called Volkov states [7-9]; interest-
ingly, the Volkov solutions of the Schrodinger equation cannot be derived in analytical form.
The interest in the study of the solutions of the Dirac/Klein-Gordon equation in a superposi-
tion of two plane waves is given, on the one hand, on the fact that they are the basis of the
theoretical study of the Kapitza-Dirac effect [10], which is the diffraction of particles on a
standing wave electromagnetic field (see also [11, 12]). On the other hand, the study of exact
quantum relativistic solutions for an electron in crossed laser beams could provide a powerful
tool for studying pair production in intense fields [13], or for quantum treatment of radiation
reaction [14, 15].

A paper by Gavrila [16] presents approximate analytical solutions for the Klein-Gordon
equation in an arbitrary superposition of plane waves. It also discusses the time evolution
of an arbitrary wavepacket in the presence of such a field. The general result of Gavrila’s
paper is that, within the approximation used, the momentum distribution of the wavepacket
at the end of the interaction is the same as the momentum distribution of the wavepacket at
the initial moment, i.e. the net momentum transfer is zero. Using the approach of Gavrila as
the starting point we derive a numerical method for solving the Klein-Gordon equation in the
case of two plane waves; as we explain in Sect. 2, the method is valid for arbitrary geometry
and polarization, and also for arbitrary initial conditions, being at the same time relatively
easy to implement and inexpensive in computational time.

The paper is structured as follows: in the next section we present elements of theory:
we define the electromagnetic field used in the calculations, we briefly present the covariant
Lorentz force equations, and the ponderomotive force approximation. We also present, in
the quantum framework, the Klein-Gordon equation and the derivation of a Goursat problem
equivalent to it. In the third section we present the numerical results for the classical and
quantum cases, and, finally, in the fourth section we present our conclusions. The paper also
features two appendices: in the first appendix we present the relativistic equations of motion
for a free particle of variable mass, and in the second appendix we briefly review the main
properties the Volkov solutions of the Klein-Gordon equation.

In the derivation of the theoretical equations we use the International System of Units (SI);
our numerical results are presented in atomic units. The Minkowski metric used throughout
the text is (+, —, —, —).

The numerical codes on which these simulations are based are available at the following
links: https://github.com/BanuDarius/electron-momentum-transfer and https://github.com/
madalina-boca-at-unibuc-ro/KD.

2 Elements of theory
2.1 The electromagnetic field and the covariant Lorentz force equations

We consider a plane wave electromagnetic field, propagating along the unit vector n; in this
case, it is convenient to introduce a lightlike vector n

Il
e

n=(1,n), n.n

ey
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The four-wave vector k will be then given by
k=% @)
c

with w the central frequency of the field. The electromagnetic field propagating in vacuum
can be described by the four-vector potential

A(x) = Aof(k - x)Re fee}, 3)
where Ay is the amplitude of the field. It is convenient to characterize the field intensity by
the dimensionless parameter

_ leolAg

o , 4

nyc

where e, m are the charge and mass of the electron. In the above expression x is the four-
position, x = (ct,X), Ag is the amplitude of the vector potential, € is a constant polarization
vector and k is the four-wave vector. In the Lorenz gauge, the electromagnetic field obeys
the equation 0 - A = 0, which is equivalent to the condition that the four-vector potential is
transverse, k - € = 0. The function f(k - x) is a slowly varying envelope of the field, usually
taken as a Gaussian function, and its role is to make the plane wave field of finite duration

Alk-x)=0 if k-x¢& (dn dum), (&)

In our problem, we consider a superposition of two linearly polarized plane waves,
Aix) = Aoif (ki - XRe{ee™™},  i=1,2; (6)

it is worth noting that the polarization 4-vectors ¢; are not unique, a transformation of the form
€ — € + Ak; is equivalent to a gauge transformation and does not change the electromagnetic
field. Using this property, we can arrange the polarization vectors such that each of them is
orthogonal on both four-wave vectors

€-k;j=0, i,j=1,2. @)

For example, starting with a polarization vector €], non-orthogonal on k;, we can perform the
gauge transformation

€] * k2

ki - ky

and the new polarization vector will be orthogonal on both k; and k. As we shall see, this will

simplify the calculations in the quantum case. For the following calculations it is convenient

to introduce the notation k; - x = ¢;, i = 1,2, and the vector potential (and also the fields) of a
plane wave can be written as functions of a single variable ¢,

Ai(x) = Ai(¢i) = Re{€gai(¢i)} ai(@;) = Aof(¢)e”". ©))

With these notations, the Faraday tensor of the plane wave will be

€ — € + Aky, A=

®)

P = ' AY - A = aj(@) (K'e) — k') (10)

i
The equation of motion for a charged particle of mass mg and charge ey in the presence of the
electromagnetic field is given by the covariant Lorentz force equations

dx* dut e

— = = —(F" + Fy")u, (11

dr ~ my
where 7 is the proper time.
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2.2 The ponderomotive force approximation

The ponderomotive force approximation applies to the motion of a particle in the presence
of an electromagnetic field which presents a fast oscillation, modulated by a slowly varying
envelope. The approximation averages out the fast oscillations of the Lagrangian, such that
only the slow motion of the oscillations center is left. There are several ways to derive the
relativistic version of the ponderomotive force approximation, see, for example [3, 5, 17]. we
briefly present here the main steps of the derivation given in [5]. Starting from the Lagrangian
of a charged particle in an electromagnetic field, and writing the trajectory as the sum between
the slow motion of the center of oscillation ry and the fast oscillation around this center, one
defines the cycle average Lagrangian

t+T/2
Lo(t, 10, ¥p) = ?f R L (x(2), £(1), ¥o(2), ) dr; (12)
t=T,

one can prove that the motion of the center of oscillation is governed by the cycle averaged
Ly. In the relativistic case, L is reduced to the Lagrangian of a free particle, whose mass is
variable. The variable mass is called the dressed mass and is given by the expression

2

ey —
M(x) = mg+/1 + a(x), a(x) = —mTOcZA”(x)A/’(x) (13)
0
where the overline indicates the average over the fast oscillations of the electromagnetic field
1 +T1/2
=g [ rear (14)
T Ji-rp

for simplicity in this paper we will consider only the case when both fields have the same
frequency w = 27” The minus sign in form of the time average in Eq. (13) is due to the metric
used (+, —, —, —). For a more detailed presentation of the concept of electron dressing by the
electromagnetic field within the quantum formalism see, for example [18]. The Lagrange
equations for a particle of variable mass are derived in Appendix A; here we discuss some
details of the numerical calculation of the dressed mass and of its derivatives. By direct
calculation we can easily see that the function a(x) defined in (13) can be written as

2 T2
a(x) = __f__ f dyAo(x + Y)A®(x + yv), v=(1,0,0,0), (15)
(moc)? ¢T J_crp2

and the integral can be calculated numerically using a quadrature method. Since the integrand
is smooth enough function on the integration domain, which is of length A = ¢T, the integra-
tion is inexpensive and can be done with good precision. For the Lagrange equations we also
need the derivative of the dressed mass with respect to the coordinates and the velocities; by
direct calculation we can easily see that

_ T a0 = "™ saty—
HM(x) = myd” /1 +a(x) = > da(x) Ngwres (16)
and
2er 1 A2
Fa(x) = ——2 5 f dyAy(x + yv)d“A%(x + yv). a7
(moc)* A J_y2

We can see that, because our field is a superposition of plane waves, even if the dressed mass
itself is calculated as a numerical integral, for its derivatives only the numerical integration
of an analytical function is required.
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2.3 The Klein-Gordon equation

In order to introduce the quantum treatment of the relativistic electron scattering by the elec-
tromagnetic field, we will solve the Klein-Gordon equation. This approach has the advantage
of the simplicity over the Dirac equation, and we can expect to reproduce well the parti-
cle’s behavior as long as the spin effects are not important. The Klein-Gordon equation for a
charged particle of charge e and mass m in the presence of a single plane-wave electromag-
netic field described by the four-vector potential A(¢) is

H(x)y(x) =0, H(x) = —TLI + mic*, T, = 10, — epA,(9), (18)

where the II,, are the momentum operators. We emphasize here that in the case of a single
plane wave electromagnetic field, both the Dirac and the Klein-Gordon equation are exactly
solvable, the solutions being the so-called Volkov states [8, 9, 19]. In the case of a super-
position of plane waves an approximate solution of the Klein-Gordon equation was given by
Gavrila [16]; its method could be easily extended also for the Dirac equation.

Our approach is to solve the equation numerically; our starting point is the ansatz for the
wave function proposed by Gavrila [16]: we look for the solution as the product of a plane
wave and a function of the two variables ¢; = k; - x,i = 1,2:

Yo (x) = P F($1, ¢). (19)

1
V2E,
In the absence of the field the solution reduces to a free plane wave of momentum p. The
function F (¢, ¢,) satisfies the equation [16]:

OF (¢1,2) LA OF (¢1,¢2) +A26F (¢1,62)

96106 ", 90, + CF(¢1,$2) =0
D = -2hk, - hk,, A; = 2ihk; - (p- eA(¢i)),
C = egA% ($1.2) — 2¢A ($1.42) - p. (20)

If the particular gauge introduced in (7) is used, in the above equation the coefficients A;
reduce to constants A; = 2ifik; - p which simplifies considerably the numerical calculations.
In order to solve the equation (20) numerically we need to define the domain of the variables
¢; and the boundary conditions. For the domain of each variable ¢; we consider the entire
interval along which the corresponding field is non-zero, i.e. the interval defined in (5). The
boundary conditions follow naturally by considering the equation at the edges of the interval.
For example, if ¢; = ¢, (at the lower boundary for ¢;) the field A; vanishes, and the problem
reduces to the one of a particle in a single plane wave, for which the analytical solution is
known to be the Volkov state [19]. Similarly, if ¢, = ¢, (at the lower boundary for ¢,) the
field A, vanishes, and the problem reduces to the Volkov problem for the first plane wave.
Thus, the boundary conditions are

F((pml’¢2) = Fv(p;¢2)a F(¢1v¢m2) = Fv(p;¢1)9 (21)

with F,(p; ¢;) defined in Eq. (31). The equation (20) with the previous boundary conditions
is the so called Goursat problem [20], for which the standard numerical method is the ladder
algorithm (see, for example [21]). With the notations introduced before and using the first
order difference method for the derivatives, the equation can be written as

D(Fi+l,j+l —Fij—Fij + Fi,j)_'_A] (Fi+l,j - Fi,j)+
Ap1Ag, Agy
Az(Fi,jH - F;
Ag,

) + C,‘qu,'yj = O, (22)
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from which we can obtain a recursive formula for the function F;.; . in terms of the previous
values F j, i1 j, Fi j+1. This algorithm allows us to fill the domain of the variables ¢; and
¢, starting from the corner (¢1,,, ¢2,,). The main difficulty is that, in our problem, the typical
value of the coefficient D is very small with respect to A; and A,, which makes the calculation
very unstable. For example, in the case of two plane waves of frequency 0.057 a.u., which
corresponds to the wavelength 4 = 800 nm, and for the case of an electron initially at rest,
the ratio D/A; is of the order of 107°. To avoid this instability, an implicit scheme must be
used; in our numerical calculations we employed an adapted version of the implicit scheme
proposed by Gourlay [22].

3 Numerical results

We start by presenting the field used in the numerical calculation. We consider two plane
waves, counter-propagating along the Oz axis and linearly polarized along the Ox axis; the
envelopes are identical, consisting in Gaussian wings and a constant amplitude part of length
10A. In all the calculations we take the frequency w = 0.057 a.u., which corresponds to the
wavelength 4 = 800 nm, and equal intensities which in the following will be characterized by
the parameter &, defined in Eq. (4). In Fig. 1 we show the time dependence of the component
A, for a single plane wave (left panel) and the time average of A2, as defined in Eq. (13), in
the plane Oxz (right panel). The averaged A% depends only on z, as can be verified by simple

Ax [scaled] Averaged A? in xz-plane

1.00 10.0
0.75 7.5 1.75
0.50 5.0 1.50
0.25 2.5 125 %
k)
0.00{ ———— 0.0 1.00 §
-0.25 25 ol
_Z‘jz -5.0 0.50
100 _1: 0.25
=10 -5 0 5 10

-10 -5 0 5 10 15 20
t[T] X [A]

Ay [scaled]
z[A]

Figure 1. Left: The A, component of the field for a single plane wave as a function of time (in arbitrary
units). Right: The time average of A%, as defined in Eq. (13), in the plane Oxz (in arbitrary units).

calculations. We also notice that A? is different from zero in a domain whose width is smaller
than the duration of the field; in Fig. 1 (a) the flat portion of the plane wave is of 104, while
the average A? is non zero only in a domain of about 61. The explanation is that the fringe
pattern in A2 is created by the interference of the two counter-propagating plane waves; the
two waves are overlapping over a long time interval in the central part, but near the edges the
duration of the overlap is smaller and the interference pattern is washed out.

Having established the field characteristics, we now turn to particle dynamics. Since the
behavior of the particle in the presence of the field strongly depends on its initial position, we
integrate the relativistic equations of motion (11) for a statistical ensemble of 50000 particles,
initially at rest, distributed randomly within a disk of radius 54 in the plane y = 0. In order to
study the momentum transfer in its dependence on the particle’s initial position, we represent,
in the plane Oxy, each particle’s initial position by a dot, whose color represents the final
momentum, according to the color scale on the right side of the figure. In all cases, the
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momenta were scaled to the maximum momentum in the distribution, which is written in the
title of each panel. Our calculations show that for this geometry the momentum transfer is
mainly along the field propagation direction; this behavior is consistent with the prediction
of the ponderomotive force approximation. Indeed, from Eq. (26) we can see that since the
dressed mass depends only on z, in the ponderomotive force approximation the force acting
on the particle is along the z direction and the motion is one-dimensional. In Fig. 2 we show in

(a): max(p;) = 7.71e-03 [mc] 1.00 (b): max(p;) = 6.80e-02 [mc] 1.00
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Figure 2. Final momentum distribution for a statistical ensemble of 50000 particles, initially at rest,
distributed randomly within a disk of radius 54 in the plane y = 0. (a): &o=0.01. (b): &o=005- (€): Eo=0.1,

(d): &o=0-

the representation describe before the final momentum along the z axis for different values of
the dimensionless intensity parameter &, = 0.01,0.05,0.1,0.5. We notice that the momentum
transfer increases with the intensity of the field. For the lowest value of &, the momentum map
presents minima and maxima along the Oz axis, identical to the fringes in the averaged A?; the
bands in the map appear less intense for larger values of |z|, since the electrons whose initial
position is at the edges of the disk, along the Oz direction do not experience the interaction
with both fields simultaneously, but one at a time; by contrast, particles near the center of
the disk interact with both fields simultaneously, and the momentum transfer is larger. For
&0 = 0.05 (Fig. 2 (b)) the bands in the momentum map are less regular in the central region,
and for & = 0.1 (Fig. 2 (c)) the regularity of the bands and the sharp margins between the
bands are lost, which is an indication of the shift from the regular to the chaotic behavior [5].
The chaotic behavior is even more evident for & = 0.5 (Fig. 2 (d)); here we see bands with
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irregular margins and also the figure appears washed out because a few electrons acquire very
large momenta, compressing the color scale for the others.

(a): time evolution of p, (b): time evolution of p,
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Figure 3. p, as a function of the laboratory time ¢ for & = 0.1 (a) and &, = 0.5 (b).

To conclude our analysis of the classical case, we discuss validity of the ponderomotive
approximation. In Fig. 3 we present p, as a function of time for &, = 0.1 (a) and & = 0.5 (b).
Although, as we mentioned, the actual trajectory is different for each particle in the statistical
ensemble, the figure is representative for all the particles. We find very good agreement
even at the largest &y. In the figure we can clearly see that the ponderomotive approximation
smooths out the fast oscillations, but reproduces well the overall behavior of the particle.
We emphasize here that, although the integration of the equations of motion in the exact
and the approximate case is done with respect to the proper time 7, the comparison must be
done between the p, of the exact and the approximate case, represented as function of the
laboratory time #; the proper time will be different for the exact and approximate case, as the
two trajectories are in fact very different (one fast oscillating and the other smooth).

In the remaining of this section we present the numerical results for the quantum case. For
the dimensionless intensity parameter we chose the value & = 0.05. The geometry is head-
on, and the two pulses considered were shorter than in the previous case, consisting only in
the two wings, with no constant amplitude part. We calculated the function F (¢, ¢,) for p =
(mc,0,0,0) (a plane wave of zero momentum before the interaction with the field) according
to the procedure described in the previous section. However for physical interpretation it is
preferable to represent the function F in the coordinates ct = (¢; +¢2)/2 and z = (¢ — ¢2)/2,
as shown in the figure 4 (a), which presents the real part of F, and respectively (b) for the
imaginary part.

At the initial moment, the wave function consists in two Volkov states, localized well
apart from each other, created by the two plane waves. As the time progresses and the pulses
overlap we can see the interaction near the central region of the two plots. Finally, after the
pulses have crossed each other, the wave function has changed its shape and now it consists
in two Volkov states, localized near the edges of the plots, plus a central part, non existent
at the initial moment. This central part, where we can see an oscillatory behavior, is a clear
indication of the momentum transfer along the field propagation direction, as we have seen
also in the classical case. We mention here that the approximation presented in the paper by
Gavrila [16] predicts no net momentum transfer, which is in disagreement with our results.
The comparison of the exact and the approximate results require further investigation, and
we plan to address this topic in a future work.
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Figure 4. The real and the imaginary part of the function F defined in Eq. (19), represented in the plane
(z, ct) for & = 0.05 and p = (mc,0,0,0).

4 Conclusion

In conclusion, we studied in the classical and quantum formalism the scattering of relativistic
electrons on a superposition of two counter-propagating linearly polarized plane waves.

In the classical case, since the particle trajectory strongly depends on its initial position,
we calculated the trajectories for all the electrons in a statistical ensemble of 50000 particles
and analyzed the results. We studied the distribution of the momentum transfer on the field
parameters and the particle’s initial position. We showed that the momentum transfer takes
place mainly along the field propagation direction, and its magnitude increases with the in-
tensity of the field. We also checked the validity of the ponderomotive force approximation,
and we found that it agrees well with the exact results up to & = 0.5.

In the quantum case, we studied the scattering of the particle on the field by solving the
Klein-Gordon equation numerically; we compared the results with the classical predictions
and with an analytical approximation. We found that, in the in the intensity domain con-
sidered, the quantum and classical results are in agreement at the qualitative level. Further
investigation is required to compare them at the quantitative level.

A The relativistic equations of motion for a free particle of variable
mass

Here we briefly present the relativistic Lagrangian formalism for a free particle of variable
mass. Denoting by M(x, 7) the time and coordinate dependent mass, the covariant Lagrange
function in the proper time parametrization is

dx# dxt

L(T) = —M(_x)c E; = —M(x)c V)'C#)’C/‘. (23)

The Lagrange covariant equations of motion are obtained from

6L(T) _ i 8L(T)
dx,  dr 9%,

(24)
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can be rewritten in the form

d 0
— M) = czw. (25)
dr Ox,
A straightforward calculation yields the system of equations
dxt du' IM(x)
er _ o 2 _uv . 26
aw - M(x) ( 7 ) Ox” (26)
The above system leads to results consistent with the condition
d
w-u=c or  u-L-o 27)
dr
as can be seen by noting that
du* 1 2 uy y aM(-x)
= 28
War M(x)( Y= Y= @9

B The Volkov solutions of the Klein-Gordon equation

In this appendix we briefly review the form and the main properties of the Volkov solutions
of the Klein-Gordon equation; for a detailed presentation see, for example [19]. The Klein-
Gordon Hamiltonian for a particle of charge e and mass m in the presence of a single plane-
wave electromagnetic field described by the four-vector potential A(¢) is

H(x) = =TI + mic*, T, = ih0, — epA,(¢), (29)

and the Volkov solutions of the corresponding equation

Hx)y(x) =0 (30)
are
+(p;Xx) = % PR
Y+(p; x) o o(p3 @),
* fw dy (A2 () F2e0A00)p)
F(p:p)=e % . 31

The + sign denotes the positive and negative frequency solutions, respectively, and k is the
four-wave vector of the electromagnetic field. In the limit A — 0 the Volkov solutions reduce
to plane waves of momentum p.

The Volkov solutions are orthogonal with respect to the Klein-Gordon scalar product in
the presence of the electromagnetic field

FO 9 koor = f ae (o [ih 3y ~2ce00(6)| 90
or* )
f dr [f( 2D gin 0 scepg@)f gl 32
obeying the relations

We (p13%) e (P23 Doy = £6(P1 —P2) s Wz (P130) ¥z (P23 X))oy =0.  (33)

10
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The KG Volkov states also form a complete set. The completeness property for the solutions
of the KG equation in the presence of the field can be expressed as the pair of relations

W, (p;xX)Y oy (p;x)\ ,
f dp [w+<p;x) (m%) —y (i) (m%) } = §(x-x),

f dp [+ (p; 0% (ps X') = - (ps W~ (p; x)] = 0. (34)
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