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Abstract. Mathematics and computer science play a pivotal role in modern biology. Dynamical models based
on differential equations are particularly adapted to describe dynamic behaviors of many biological processes.
However, traditional dynamical system theory face limitations to capture nonlinear behaviors of biological sys-
tems such as the immune system. Also, dynamical system theory does not always make it possible to model
stochastic rare events that biological systems face and process.

To overcome such limitations, we introduce the GENSA (GENeric Sensory Automaton), a new mathemati-
cal framework aimed at modeling biological systems, like the immune system, as computational and reactive
systems. Unlike conventional approaches that rely on object-based descriptions and differential equations, the
GENSA emphasizes the sensory properties of the immune system, framing it as an automaton capable of de-
tecting and responding to environmental changes, so as to maintain or evolve toward homeostasis. As such,
the GENSA can function either as a discretized model of differential equations or as an agent, offering a robust
alternative to traditional dynamical systems.

The capacity of the GENSA to detect events in its environment and modify its state in response to environmen-
tal cues is formalized through mathematical notions of specificity and sensitivity. Two fundamental instances
of the GENSA are provided: the Neyman-Pearson GENSA (NP-GENSA) and the Random Distortion Testing
GENSA (RDT-GENSA). These two GENSAs embed distinct decision types and satisfy functional redundancy
and we say that they are de-generate.

1 Introduction among many others, the IS is a cellular system with a time-

dependent “/... ] dynamic evolution in terms of structure
Mathematics and computer science have become indis-  and biological causality” [4]. Thence the huge literature,
pensable in biology in many aspects: mathematics models ~ among which [1, 5-10], proposing systems of (ordinary,
biological processes, from epidemiology to dynamics of partial, or even stochastic) differential equations to capture
ecological systems, typically via differential equations de- the IS dynamic behavior.

scribing population evolutions; mathematical models help
also make precise predictions, test hypotheses, and design
experiments; computer science provides tools and meth-
ods to store, analyze, and interpret biological datasets.
Also, mathematics and computer science enable to inte-
grate data across the various scales of biological systems,
from molecules to ecosystems, to reveal emergent proper-
ties.

Although the theory of dynamical systems has proved
its relevance in various aspects to model the IS [9], it suf-
fers however from some limitations and drawbacks [11-
15]. At this stage, we retain the following two limitations:
1) Dynamical systems do not easily capture nonlinear be-
haviors of living systems such as the IS; 2) Dynamical sys-
tems may overlook stochastic rare events that can play an
important tole in the time evolution of the system. We ar-
gue that these limitations are possibly due to the fact that
most current dynamical models do not take into account
that, as emphasized in [2, 3, 6, 16-23] among many others,
a biological system as the IS actively detects and responds
to environmental cues “[... ] composed of inputs coming
from different sensory channels” [16]. It can thus adapt
constantly its state to a changing environment, so as to

P . . maintain or evolve to homeostasis, and protect the organ-
e-mail: dominique.pastor @imt-atlantique.fr . .
**o_mail: jonas.fernandez@imt-atlantique.fr ism [24-27]. We thus agree with [19] and [3] that /... ]
***e-mail: veronique.thomas-vaslin @sorbonne-universite.fr change-detection may also be a basic organizing princi-

Conversely, mathematicians and computer scientists
have much to learn from biology, by integrating key fea-
tures of biological systems in their theoretical frameworks.
In this regard, the immune system (IS) is particularly ap-
pealing because it is “a complex adaptive system whose
richness makes it an excellent model for nonlinear dynam-
ics and biological complexity” [1]. As emphasized in [2, 3]
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ple underlying the workings of the immune system” [3].
Therefore, as these authors, our approach aims to capture
the capacity of the IS and, more generally, living systems,
to modify their state in function of changes they detect in
their environment. However, in contrast to Pradeu and co-
authors, we do not encapsulate this feature in an ODE sys-
tem, but embed it instead in an automaton called GENSA,
for GENeric Sensory Automaton. In this respect, we align
with Efroni and Cohen in that, “/[... ] if we define compu-
tation as the ordered transformation of input into output,
we can perceive the immune system to be a computational,
living reactive system; the system gathers input about the
state of the body, locally, and generally, and reacts to ar-
range an output of appropriate inflammatory procedures
that feedback on the body to maintain, heal, regenerate
and protect it” [28]. The GENSA is thus a formal model
capturing the sensor-actuator behavior of living systems.
In this respect, it is proposed here in parallel and consis-
tency with the biological framework (GenSA) discussed in
our companion paper [29].

The GENSA is generic because of the huge number
of its possible instances. It is said to be sensory be-
cause, as mentioned above and in contrast with traditional
approaches in systems biology and omics that have pre-
dominantly concentrated on object-based descriptions —
molecular entities, cellular components, interactions —
analyzed through descriptive statistics, the GENSA aims
to model the sensory properties of the immune system. In
addition, as an automaton, the GENSA is expected to serve
either as a discretized model of differential equations or as
an agent. This versatility is of interest since agent-based
modeling is an alternative to overcome limitations of dy-
namical systems-based approaches [9, 30, 31].

The GENSA approach is introduced in the next sec-
tion. We begin with a rationale to put in place all the the-
oretical constituents. We formalize the outcome of this
rationale in Definition 2.6 of Section 2.3. In Section 3, we
randomize the GENSA to model its decision-making for-
malized via Definitions 3.2 and 3.4. These definitions in-
corporate mathematical notions of specificity and sensitiv-
ity, in the vein of [32], as counterparts of the biological no-
tions of specificity and sensitivity. In Section 4, we present
two fundamental GENSAs, namely, the Neyman-Pearson
GENSA (NP-GENSA) and the Random Distortion Test-
ing GENSA (RDT-GENSA). These GENSAs embed two
different types of decision. They satisfy functional redun-
dancy (de-generacy) in a sense we formalize. We conclude
this work in Section 5 by itemizing prospects of this re-
search.

2 The GENSA

We begin by recalling the definition of an automaton (a
dynamical system in discrete time) before presenting our
rationale leading to the definition of the GENSA.

2.1 Automata

As recalled above, an automaton is a dynamical system in
discrete time. In this respect, we recall that the state of

a dynamical system is an n-tuple whose components are
called the state variables. These state variables are the
physical quantities required to fully describe the system
at a given time and predict its future evolution by apply-
ing the rules governing the system. These state variables
can be, for instance and among others, the position, the
velocity, the temperature of the system, or concentrations
of different components of the system. The state space or
phase space is the set of all possible values that the state
variables can take. Each single point of this set represents
a possible state of the system. The state space is often a
vector space; hence the name. In the general theory of
dynamical systems, the temporal evolution of a dynamical
system is ruled by differential equations; for an automaton,
the discrete-time transition rule is provided by the update
function fUP,

Definition 2.1 (Automaton). Given two sets X' and X",
a triple 8 = (8, f*d, frdouty s called an automaton with
input (resp. output) signals in X' (resp. X°“) if :

(i) 8 is a set called the state space of X;

(i) frd . X" x 8§ — 8 is a function called the update
function of X;

(iii) @ . § — X is a function called the readout
function of X.

For completeness, Figure 1 summarizes the function-
ing of an automaton in time, which is useful for an imple-
mentation on a computer. Throughout the rest of the paper,
the time dependence plays no role and will be omitted to
alleviate notation.

2.2 Rationale

Let us consider two automata S and S®*: in a biological
context, S models a biological dynamic system such as the
immune system and S*' models the external environment
of S. The state space of S will be denoted by & and the
state space of S**' by 8. In what follows, we focus on
how the state of S evolves in function of the state of its
environment. This is the reason why the state space 8%** of
Se*t plays a key role below. On the other hand, we do not
address the impact on S*' of a change of state of S and we
do not model S,

We hereafter assume that 8*! is a vector space. In the
same way, the observation space X°* and the noise space
Nt introduced in the next paragraph will be assumed to
be topological vector spaces. The reader will notice that
these assumptions are absolutely not needed to state the
definitions introduced in this rationale. In Definition 2.4,
the zero vector of N does intervene, indeed, not to per-
form any computation, but rather to formalize the idea that
noise can be null and, a bit further, to address the case of a
negligible noise. These assumptions are kept in Definition
2.6 and could thus be relaxed. However, in practice, if only
to introduce the NP-GENSA and the RDT-GENSA in Sec-
tion 4, it is rather convenient to suppose that 8§ and 8** are
vector spaces, and even that XX°* and N are topological
vector spaces.
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Figure 1. The evolution in time of an automaton S = (8, f*P%, fr°u) is iterative. Specifically, at time ¢, consider the triple (x", s,, x°"*).
At time ¢, the input signal is xi* and the current state of S is s,. The updated state of S is s,;; = f*%(x", 5,) and will be the state

of S at time ¢ + 1. The signal output by S is calculated as x" =

t

frdout(s,, ). At time ¢ + 1, we have a new input signal x, and the

t+1

current state of S is now s,,;. We update the state of S iteratively by calculating s,,, = f'P%(x" " x" ) and the automaton outputs now

X = G,

Observation function. Suppose that S performs a mea-
surement or observation of s € 8%*'. The issue is that
S cannot perfectly observe s for two reasons: first, the
observation cannot generally be achieved without modify-
ing — we prefer to say “distorting” — s*** and second,
without introducing some noise. We say that this noise is
internal to S in the sense that it is generated by S, not by
SeX. The observation is thus a distorted and noisy version
of s, Let N stand for the set of all possible values for
the noise. As pinpointed above, we assume that N'™ is a
topological vector space. We call it the noise space.

The observation of s** by S is modeled as the outcome
of a function

obs : 8§t x NIt _, cobs

valued in a topological vector space X°" called the obser-
vation space. We assume that obs is such that:

Y (Sext’ xObS) e SeXtX:X:ObS, J nmt € Nmt’ xobs — ObS(Sem, nmt) )

ey

In other words, given s**' € 8!, the function

ObS(SeXt, .) . Ninl N xobs

nint [N ObS(SGXt, nint)

is surjective. We will say that obs : 8 x N — (°bs jg
the observation function and that x°* is the observation
made by S of s in presence of noise n'™. As already
noticed above, this observation of s achieved by obs is
intrinsically distorted and noisy. A case of a null distortion
occurs when 8§t = NIt = X°bs i5 a vector space and obs :
20008 % X°Ps — X% is the sum of two vectors of 8. In this
case, there will be no distortion on s, but the observation
will remain noisy with x° = st 4 pint,

Dissimilarity functions. With the idea that the state of S
should evolve in function of that of S, we argue that, in
a sense to define, the more similar s and s, the closer the
next state of S should be to s; conversely, the more dissim-
ilar s**' and s, the more the next state of S should drift from
s. To formalize this heuristic, we could think of introduc-
ing a similarity function. We find it more convenient to
use the dual notion of dissimilarity function.

Definition 2.2. A dissimilarity function is any function
0:8x8" > R.

Given (s, s°) € 8§ X 8%, we will say that the smaller (resp.
the larger) 6(s, s°), the more similar (resp. dissimilar) s

and s,

t+ t+1

For instance, if § = 8% is a real vector space with finite
dimension, we easily construct an internal dissimilarity
function valued in [0, oo by considering any norm N over
8 and set &(s, s") = N(s—s’) for any (s, s") € § X 8. We use
the term of dissimilarity because this terminology is usual
in pattern recognition and signal processing. However, a
dissimilarity function ¢ can be regarded as a comparison
function: it compares s and s and the larger 5(s, s**),
the more s and s**' are reckoned to be different.

The issue with the dissimilarity function, as defined in
Definition 2.2, is that it involves s**' € S, Basically,
s is unknown to S; otherwise, there would not be any
real issue at stake. Therefore, S cannot but have a par-
tial knowledge of s, via x°® provided by the observation
function defined above. Since x°® is the sole means for S
to extract knowledge about s, we introduce the notion of
observed dissimilarity that makes it possible to construct a

dissimilarity function based on x°* only.

Definition 2.3. An observed dissimilarity function is any
function:
88 x X SR

Given (s, x°%) € 8 x X, §°P5(s, x°") is called the ob-
served dissimilarity between s and x°* and we say that
the smaller (resp. the larger) 5°55 (s, x°%), the more simi-
lar (resp. dissimilar) s and x°bs.

Given an observed dissimilarity function &°% we can
define a dissimilarity function in the sense of Definition
2.2 by introducing the following definition.

Definition 2.4. The estimate s¢ € § of s* € 8 via the
observation obs is defined as

sext = obs(s*,0) . )

We can regard st € X(° as the image S would have
of s*' in absence of noise and thus, as an estimate of
s, The observed dissimilarity function is sufficient to

construct the following dissimilarity function.

0: Sx 8

(5,57

- R

> 8°%(s, obs(s, 0)) . ©)

Given an observed dissimilarity function §°%, as in Defi-
nition 2.3, and the dissimilarity function ¢ of (3) deriving
from &°P, the definition of §°® induces that:

5(s, s = 6°%5(s, obs (s, 0)) = 6P (s, 5) . (4)
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The dissimilarity (s, s*') between s and s**' is thus the

observed dissimilarity between s and the image 5 that S
has of s°*'.

Activation function and decision. With the same nota-
tion as above, if obs and §°" are continuous with their sec-
ond argument and n™ = 0, then

xobs — ObS(SeXt,l’lml) ~ Sext

and
bs bs bs, . “oxt
%% (s, x°%%) = §°% (s, s°XY) .

Therefore, §°%(s, x°%%) = &(s, s and §°P%(s, x°P%) can
thus be regarded as an estimate of (s, s*'). The ob-
served dissimilarity 5°%5(s, x°%%) is a reasonable estimate
of 6(s, s*) when noise is negligible. However, in general,
n'" is not necessarily small and approximating d(s, s*')
by 5°%5(s, x°%) can be erroneous. Therefore, we argue
that S makes a decision on whether d(s, s*') is small
(strong similarity between s and s*') or large (weak simi-
larity between s and s°*'), given the observed dissimilarity
5°P5(s, x°P%). In this respect, 6°*(s, x°*) plays the role of
a statistic to make the decision, as in mathematical infer-
ence.

Reformulating the foregoing by using §°°° only, the
principle retained for the GENSA is that S makes a de-
cision on whether §°%(s, s/&‘) is small (strong similarity
between s and ;e\“) or large (weak similarity between s
and se/;t), given the observed dissimilarity 8PS (s, x°P9).

To make S decide on whether §°*(s, s?\’“) is small or
large, given the observed dissimilarity 6°*(s, x°), we in-
troduce the notion of activation function.

Definition 2.5. An activation function is any continuous
increasing function

act:R — [0,1].

Given an observed dissimilarity function o°bs,
(5,x°%%) € 8§ x X, and s € 8, act(5°%(s, x°)) is
regarded as the decision made by S on §°(s, ;";“): the
closer act(6°%(s, x°*)) to 1 (resp. 0), the stronger (resp.
the weaker) the decision that 6°*(s, s’f;;t) is likely to be
large (resp. small). In case of activation functions valued
in {0, 1}, instead of the whole unit interval, the decision
made by S by the activation function act is binary.

The increase of the activation function is justified as
follows. Suppose that obs and ¢°® are continuous with
their second argument. When n'™ ~ 0, we have x°* ~
55 and 6°%(s, x°%) ~ §(s, s). Next, by continuity of
the activation function, act(6°*(s, x°%)) =~ act(d(s, s)).
In this case, the larger (resp. the smaller) (s, s*'), the
closer act(8(s, x°*)) should be to 1 (resp. 0). Increase of
act is a sufficient condition for this function to satisfy this
property. Whence our assumption.

Affinity function. In chemistry, affinity is “the attrac-
tive force binding atoms in molecules”; in immunology,
affinity is the attraction or the stereochemical compat-
ibility between an antibody and an antigen (see https:

//www.biologyonline.com/dictionary/affinity). The con-
cept of affinity pervades biology because “Life is based
on specific interactions between biomolecules. The under-
lying affinities form the basis for molecular recognition
events that make up the complex machinery of all living
organisms, including man” [33]. To model the notion of
affinity and its role in biology as a means for biological
systems to make decisions, we define the affinity function
as:

Sx X

(S, xObS) —

aff = 1 — act o 6°» : [0, 1]

1 — act(5°% (s, x°%)) .

The activation function act increases. Therefore, if we in-
terpret a small dissimilarity as a strong similarity then, for
any pair (s, x°%) € 8§ x X°%, the larger (resp. the smaller)
the similarity between s and x°*, the larger (resp. the
smaller) the affinity aff(s, x°**) between s and x°%.

Updating. The available data to update the state of S in
function of the outcome of the activation function, seen as
the decision made by the automaton about the dissimilarity
between s and s is thus: the current state s of S, the
observation x°® = obs(s%*!, n'™) and act(6°% (s, x°**)). The
update of s is thus a function f'P4 of s, s and n'™ that
we factorize via a function

QP 8 % [0,1]1 > 8
so that
fupdt(xin’ 5) = (pupdt (S, aCt(éObS(S, xObS)))

with xin — (sext’nint) € 8§ext N‘im and xobs — ObS(SeXt, nint).
By so proceeding, we put to the fore the role played by the
decision to achieve a trade-off between the current state
of S and the observation captured by S. In addition, "4
relies on the sole available data to the GENSA, namely, s
and x°® via act(6°P5(s, x°%)).

Readout. At this stage, we do not propose any kind of
readout function. It is when we de-generate the GENSA to
exhibit the NP-GENSA and the RDT-GENSA below that
we will propound and justify readout functions.

2.3 Definition of the GENSA as an automaton

The following definition formalizes the above rationale. In
this definition, we retrieve all the elements and their role
introduced and discussed so far. Throughout the paper,
given a function g with domain E, g(E) will designate the
image of E by g, that is, the set of all values g(x) for all
xe k.

Definition 2.6. (GENSA) Given vector spaces 8 and
X, and topological vector spaces N and X°%, a 10-
uple

G = (SeXZ, Nint’ xobs’ 8, xouf’ ObS, 6abs’ act, S014pdz,frdauz)

is called a GENSA with external state space S, internal
noise space N, observation space X%, state space 8,
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and output space X", if:

(i) obs : 8 x N — X°% is a function, called the obser-
vation function of G, continuous with its second argument,
and such that obs(s®", e) is surjective for all s*' € §*;

(ii) 6°» : 8§ x X — R is a function, continuous with
its second argument and called the observed dissimilarity
Sfunction of G;

(iii) act : 8°P(8 x X°%) — [0, 1] is a continuous and in-
creasing function, called the activation function of G;

(iv) @4 1 § x [0, 1] — S is a function, called the elemen-
tary update function of G;

(v) fréout © 8 — X is a function, called the readout func-
tion of G;

(vi) (8, fordt, frdouty is an automaton with input signals x™
in X" = 8 x N"™  output signals in X, and update
function f**4 : X" x 8§ — § defined by

V(xiil, 5) € :xinXS,fupt/it(xin7 5) = 9Oupdt( s, act (é‘ohx(s7 xoh.V)))
(5)
with x°* = obs(x™) and where act (6°* (s, x°*")) is called

the decision of G given (s, x°*).

In what follows, when no confusion is possible, we will
alleviate the notation of G by designating it as the quintu-

ple
G = (ObS, 6obs, act, Spupdt’frdout)

of functions specifying the GENSA discrete-time transition
rules. Also, we will simply call §° a dissimilarity func-
tion, dropping the adjective “observed”.

3 Randomization and the detection
problem

3.1 Motivation

According to Definition 2.6, there exist infinitely many
possible observation, similarity and activation functions,
and thus a huge amount of parameters to specify a
GENSA. Without further refinement of the model, deploy-
ment of the GENSA, by fitting omics data to retrieve pop-
ulation dynamics for instance, could raise parameteriza-
tion issues with significant impact on the accuracy, relia-
bility, and even the plausibility of the resulting model. The
GENSA model above is not operational yet and we must
identify, among the countless possible GENSAs, those ac-
tually suitable for representing dynamic biological sys-
tems.

To refine the GENSA model, we hereafter formalize
the decision-making achieved by the GENSA. According
to our heuristic of Section 2.2, act (6°*(s, x°)) is the deci-
sion made by the GENSA on whether 6°*(s, s’e\"‘) is large
or not, given the observed dissimilarity §°*(s, x°*). To
proceed theoretically, we fix some 7 € [0, o[ and we
say that 6°*(s, s%) is large if 6°®(s, s) > 7, and that
5°P5 (s, s is small if 6% (s, s%) < 7.

On the other hand, we also enhanced that, in the
GENSA model, §°%(s, x°%) plays the role of a statistic

as in mathematical statistics. Therefore, to refine the
GENSA, we introduce randomness in our framework to
actually formalize the activation function as a statistical
decision, and 6°% (s, x°%) as a statistic to achieve this de-
cision. The introduction of randomness in our framework
echoes with the crucial role played by stochasticity in biol-
ogy [34, 35]. For example, the ability of the immune sys-
tem to stochastically generate somatic receptors enables it
to create diverse receptors, allowing it to explore a broad
range of antigens, which is key to respond to unexpected
threats [36, 37].

3.2 Randomization of the GENSA

We introduce randomness in our framework by randomiz-
ing the inputs, namely, with the notation of Definition 2.6,
the environment state s and the noise 7.

First, we assume the existence of a set Q' of all pos-
sible events occurring in the environment of S*™'. We
assume that we can equip Q' with a o-algebra Zqex
and the resulting measurable space (Q°*',Xqex), with a
probability measure P*** to construct the probability space
(Q, e, P*Y). Similarly, we introduce the set Q™ of all
events that can yield noise. We suppose that this set can be
endowed with a o-algebra for which exists a probability
measure P™ so that we can construct the probability space
(Qint’ S qint, Pinl).

The product space Q = Q%' x Q" can be equipped
with the o-algebra g = Xqev ® Zoie and we can define the
probability measure P = P*'®@P™ to obtain the probability
space

(Q,Zq,P) = (O™ x QM Tagen @ Ty, P @ PN

On the other side, we assume that $**' can be en-
dowed with a o-algebra Xgex to obtain the measurable
space (8%, Zgen). Similarly, we equip N™™ with a o-
algebra to obtain a measurable space (N, ). Since
Nt is assumed to be a topological vector space, we can
always take Zin as the Borel o-algebra of all open sets
of Ni".  We then define the measurable product space
(Sext X Nim, Tgext @ Loint).

Let us suppose the existence of a measurable function

S (O, Taex ) — (8, Tgen) (6)

such that, for any s** € 8!, there exists w**' € Q' such
that s = S*(w®™"). Similarly, we also assume the exis-
tence of

N (M Thim) = (N, Sgind) (7

such that, for any n'™ € N, there exists w'™ € Q™ such
that n'™ = N™ (™). With the help of the projections

ﬂ.ext . Qext X th N Qexl
(wext’ wlnl) — wext

A A A ®)

ﬂ.mt . Qext X th N th

(wext, wim) — wint
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we can define the measurable function

(Sext o et Nint ° ﬂ.im) .
(O X QM T @ Zgim) — (8 X NI, Tgext @ Tongim)
(wext wint) — (Sext(wext) Nint(wint)) .
The two random vectors S o 7%t and N™ o 7™ are inde-
pendent. Therefore, in what follows, we directly assume
the existence of a probability space (€2, Xq, P) and that of
two measurable functions St (Q,2q) — (8%, Zge) and
N™(Q,2q) — (N™, i) that are independent. Thence

the following definition.

Definition 3.1. [Randomization of GENSAs] Given a
probability space (Q,20,P), a (Q,Zqo,P)-randomization
of all GENSAs with same external state space 8% and
same internal noise set N™, is the data of

e a measurable space 8 = (8, Lgex),
e a measurable space Nint = (ON™ S i),
® a pair
(S‘”" 1 Q- 8 N Q) W)
of independent measurable functions, with Q= (Q,%0).

Such a (Q,Zq,P)-randomization will be denoted
(Se"’:ﬁ — ext Nint: Q) — W) The set of (Q,%Zq,P)-
randomizations of GENSAs with external state space
8 and internal noise set N will be denoted as
(8, Nint )(Q’ZQ’P), so that

(8, Nint )y 5., p)

- st . Q) — Sext Nint - () — Nint
— Sext’ N”’lr . ’ > .
{( )| { S and N™ independent }

Given a GENSA
G = (Sext Nint xobs S xout obs 60bs act ()Dupdl frdout)

and a randomization (S‘""t cQ — Sext NIt Q) W) ap-

plied to G, we can always endow X°" with a o-algebra

Sqes and thus construct the measurable space X°bs =
(%%, X ). For instance, since X°" is supposed to be
a topological vector space as N, T can be chosen as
the Borel o-algebra generated by the open sets of X°. We
can then define the randomized observation

N :X:Obs

—  obs(S*Y(w), N™(w)) .
9

Similarly, we have the randomized estimate of the envi-

ronment state

xobs — Obs(sext,Ninl) . ﬁ
w

XObs

Sext = obs(S,0): Q  — (10)
w = obs(S(w),0).

3.3 Embedding statistical testing in the GENSA

The randomization of GENSAs makes it possible to for-
malize the important biological notions of specificity and

sensitivity in connection with affinity. We recall that bi-
ological specificity refers to the tendency of a biological
molecule (such as an enzyme, antibody, or receptor) to
bind or interact with a single type of molecule, or a limited
group of closely related molecules, so as to limit unwanted
cross-reactions. Biological sensitivity is the ability of an
organism, organ, tissue, or cell, to detect and respond to
internal or external stimuli. Sensitivity enables organisms
to perceive and react to changes in their environment (e.g.,
light, temperature, chemicals, pressure). A good balance
between sensitivity and specificity is critical in biologi-
cal interactions because systems must detect true signals
(such as pathogens or target ligands) as accurately as pos-
sible, while minimizing false positives (such as self-attack
or non-target binding) [38, 39].

The decision made by the GENSA on the dissimilar-
ity between the current state s of the GENSA and s**, the
current state of the environment, is made by computing the
decision act (6°%(s, x°*)). This decision, by its definition
itself, is a level of activation induced by the dissimilarity
between the observation x°* and state s. It is desirable that
a small dissimilarity between s and s*** should thus induce
a limited level of activation act (§°°(s, x°*)), whereas a
high dissimilarity between s and s*' should trigger a sig-
nificant level of activation. Yet another way to interpret
the foregoing rationale is to introduce the affinity function
aff = 1 —acto°®. In this case, the lower (resp. the higher)
the dissimilarity between s and s**', the higher (the lower)
the affinity.

In the same way as a high (resp. low) dissimilar-
ity is mathematically formalized above by the inequality
595 (s, ;e\“) > 1 (resp. 6°%(s, ;e\“) < 1), we formalize a
strong decision — or high level of activation — by the in-
equality

act (6°°(s, x°%)) > A

for some threshold 1 € R. On the other hand, a weak
decision — or low level of activation — will be formalized
by the inequality

act (6°°(s, x)) < 4.

We thus propose a probabilistic formalization of
the notions of specificity and sensitivity by re-
sorting to randomizations. Any randomization
(S"‘"t Q) — 8ext Nint: Q) Nim) yields a randomized
observation X°* and a randomized estimate Se*. Speci-
ficity will thus be the probability guaranteed by the
GENSA that act (6°*(s, X°®)) < A for all S such that
§°(s,5) < 7. Hence, specificity will be a global
performance measurement of the GENSA. In contrast,
sensitivity will be a function assigning to each given
(S, N'") the probability that act(5°%(s,X°®)) > A
conditionally to §°(s, @) > 1. The sensitivity thus
quantifies how strongly the GENSA is sensitive to a high
dissimilarity between its state s and the randomized esti-
mate S of the environment state. The activation function
thus plays the role of a statistical test, the observation
that of the statistic used by the test to make the decision,
and the notions of specificity and sensitivity relate to the
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notions of size! and power? encountered in mathematical
statistics, with specificity = 1 — size and sensitivity =
power. Thereby, we hereafter formalize the foregoing
considerations via the next definition in the vein of those
made in mathematical statistics. However, note that we
define specificity and sensitivity as probability values
whereas, in statistics, they are usually empirical rates
calculated over a data set. In preparation of the results
stated in Section 4, we henceforth consider the case of a
subset rand C (8%, Nit) ¢ 5. p) of randomizations.

Definition 3.2. [Specificity and sensitivity] Given a prob-
ability space (Q, Zq,P), consider the set (@, Ny 050 p)
of all (Q, 2, P)-randomizations of GENSAs with external
state space 8 and internal noise set N™, and rand C
(8%, Nint ) 5. p).

Given a GENSA
G = (8“7, N 'xﬂbx, 8, X% obs, 60bs, act, tp“”d’, frdom)
and a pair
(1, 2) € 6°7(8 x X*) x act (8 x X,

(i) the (t, d)-specificity with respect to rand of G given
state s € 8, is defined as

TG, ) =

inf - Plact (67°(s, X)) < A16°(5, 59 < 7))
(S, N"") € rand, s.t.
B[57(5,5%7) < 7] # 0

(ii) the (1, 1)-sensitivity of G, given state s € 8, is the func-
tion defined for each (S*', N™) € rand such that

P[6°% (5,541 > 7] £ 0
by setting:
A6
= P [act (6 (s, X)) > 1| 6" (5,5%) > 7)]
In what follows, 1 is called tolerance.

Remark 3.1. With the same notation as in the definition
above, the connection between the (t, 1)-sensitivity of G
and the notion of size in statistical inference is made by
noticing that

rand —
1- ‘I'(TJ) (G,s) =

sup  P[ac(6™(s, X)) > 416 (s,5) < 7] .

(S, Ny € rand s.t.
P[5 (s, 89 < 7] £ 0

The right hand side to this equality is the size of the statis-
tical test
1 if act(6°” (s, X°%)) > A

0 otherwise

T(XobS) — {

I Type-I error probability
2Complementary to 1 of the Type-II error

for testing the null hypothesis Hy that 6°%(s, Sfe;’) <7
when we observe X" = obs(S®, N™Y) and (S, N™) e
rand. Similarly, the (t, A)-sensitivity of G to S*' : Q -
8 can be regarded as the power of the test defined
above when the alternative hypothesis H; to Hy is that
5P (s, §ext) > 7.

To guarantee a certain specificity, it suffices to intro-
duce a lower bound for the (7, 1)-specificity of G. Thence
the next definition.

Definition 3.3. Given sets 8¢, N X 8§ and X", and
functions

obs : 8 x Nint N xobs
60bs -8 % xobs >R

let

G= {G = (0bs, 8%, actg, g™, frdouty

actg : 6°”(8 x X°7) — [0, 1],
Pl 8 x[0,1] - 8, }
f(r;dout - 8§ — ot

be the class of all GENSAs with observation function obs,
dissimilarity function 6°* and arbitrary activation, read-
out and elementary update functions actg, (’;d”‘” and gag'dt.

Given a probability space (Q, Xq, P), consider
rand C (@, W)(Q’ZQ’P).

(i) Given T € 6°7(8 x X°%) and y €10, 1[, we define
W;i"d(g) as the set of all G € G with tolerance T for which

{1€10.1]: Vs €8, TG, 5)> 7]

is non-empty and has a minimum Ag(y,7) € [0, 1].

(ii) Given T € 6°7(8 x X°%), we define

(}(Tmnd(g) — m W;gnd(g) )

Y€l0,1]

as the set of elements of K;""(G) that are t-specific in G
with respect to rand.

Statement (i) in the definition above is motivated by
the fact that, for any fixed s, T(rj“;)i(G, s) increases with A.
In Section 4, the minimum Ag(y, 7) will always exists.

To model the balance between sensitivity and speci-
ficity of biological interactions, it is thus important to ex-
hibit activation functions that are 7-specific and, at the
same time, able to achieve a good sensitivity to external
states that are significantly dissimilar from the GENSA in-
ternal state. In this respect, we make the following defini-
tion.

Definition 3.4. With the same notation as in Definition
3.3, a GENSA

dt o
G' = (obs,d"hs,act(;;,tp"é , frdouty ¢
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is Uniformly Most Sensitive (UMS) in ‘KT’“"d(Q) with re-
spect to rand if:

(i) G* is T-specific in G: G* € K/"(G);

(ii) for all G € K@), all s € 8, all (S, N™) € rand
such that P[6°% (s, <) > 1] £ 0,

S(,’/\‘I!Nl'/ll S(’A‘I!Nl'/ll
¥y €10, 1LAE, N0 (G ) > BE 00 (G, s)

with Ag(y, T) and Ag-(y, T) given by Definition 3.3 (i).

The eagle-eyed reader will have noticed that the above
definition does not specify the GENSA readout function.
The study of relevant readout functions for the GENSA re-
quires further investigations as enhanced in the conclusion
of this paper.

4 Two fundamental GENSAs

In this section, we present two fundamental GENSAs,
namely, the Neyman-Pearson GENSA (NP-GENSA) and
the Random Distortion Testing GENSA (RDT-GENSA).
These two models are fundamental in our research because
they model the de-generacy of the GENSA: although these
two GENSAs are structurally different in that each is UMS
within a specific class of GENSAs and a specific random-
ization, the RDT-GENSA can be used to palliate failure of
the NP-GENSA.

Let us begin by pinpointing key features shared by
both the NP-GENSA and the RDT-GENSA. First, these
two automata have same external space 8, same noise
space N'™ and same observation space X°%, all equal to
R4, They have also same observation function, namely the
sum + in R%:

obs: RYIxRY — R4

(sexl’nim) — xobs = s 4 nim . (1 1)
Both the NP-GENSA and the RDT-GENSA are character-
ized by a specific parameter 6, € R¢, thus a vector belong-
ing to their common external space 8°*'. We thus denote
these GENSAs by NP-GENSA(6y) and RDT-GENSA(6)).
This 6y can be the same for the NP-GENSA and the
RDT-GENSA, with however two different roles: NP-
GENSA(6)) is aimed at detecting the presence of 6 in the
observation, whereas RDT-GENSA(6)) is aimed at emit-
ting 6y, with an amplitude depending on some change the
RDT-GENSA may have detected in its environment. In
this respect, NP-GENSA(6y) and RDT-GENSA(6y) will
also have same output space X°"' = R¢, and same readout
function, because each of these GENSAs transmits, with
a specific amplitude directly issued from its own update
function, the model 8, to which it is attuned.

Because of the role played by 6, in the functioning
of NP-GENSA(6y) and RDT-GENSA(6)), we do not re-
gard 6y as a mere parameter but, actually, as a compo-
nent of the memory of both NP-GENSA(6)) and RDT-
GENSA(6p). In this respect, NP-GENSA(6y) and RDT-
GENSA(6p) have same state space

8 = 8y, = {60} X [0,1] . (12)

We find it appropriate to encapsulate 6, as a state com-
ponent to allow for addressing in future work the case
where this component of the memory could be altered or
even erased. The second element of a state s = (6y, p) €
Sg, is the amplitude with which 6y will be re-emitted by
NP-GENSA(6y) or RDT-GENSA(6,). However, in ac-
cordance with our brief description above of the readout
functions of these automata, this amplitude has a differ-
ent meaning depending on whether s is a state of NP-
GENSA(6y) or a state of RDT-GENSA(6y): if s is a state
of NP-GENSA(6y), p quantifies the plausibility that the
observation derives from the presence of 6, in the exter-
nal state S*' whereas, in the case of RDT-GENSA(6), p
indicates the amplitude of a change in the environment of
RDT-GENSA(6p).
Recalling that a GENSA is a 10-uple

G = (Sext Nint xobs IS xoul obs 6obs act SOupdt frdout)

and announcing, as of now, that NP-GENSA(6,) and RDT-
GENSA(6p) have same elementary update function ¢"P%,
denoted by gagfdt below, it follows from the foregoing that
NP-GENSA(6y) and RDT-GENSA(6) differ by 1) their
dissimilarity function, and 2) their activation function to
update their state. We exhibit these different dissimilarity
and activation functions by considering two different ran-
domizations: with the terminology of Definitions 3.3 and
3.4, the randomization considered in the next section will
lead to NP-GENSA(6)), as a UMS GENSA in a set of 0-
specific GENSAs, whereas the randomization of Section
4.2 yields RDT-GENSA(6)y) as a UMS GENSA in a set of
7-specific GENSAs, where 7 > 0. This structural differ-
ence between NP-GENSA(6y) and RDT-GENSA(6y) un-
derpins the de-generacy of these automata pinpointed in
Section 4.3.

Therefore, the construction below of NP-
GENSA(6y) and that of RDT-GENSA(6y) follow the
same plan. For each automaton, we start by recall-
ing the role of 8y. We then introduce the appropriate
randomization rand, into which NP-GENSA(6y) (resp.
RDT-GENSA(6))) are plunged and asked to change state
according to the role played by 6,. We will then derive
from this randomization the dissimilarity function of
NP-GENSA(6p) (resp. RDT-GENSA(6y)). This dissimi-
larity function will yield straightforwardly the tolerance
7 and the family G of GENSAs with respect to which
NP-GENSA(6)) (resp. RDT-GENSA(6)) is UMS among
the 7-specific GENSAs of G. The activation function
of NP-GENSA(6y) (resp. RDT-GENSA(6y)) will be a
consequence of theoretical results of the literature.

4.1 Construction of NP-GENSA(6,)

As stipulated above, we are given 6y € R? and the state
space of NP-GENSA(6y) is given by (12). We also assume
that 8 = Nint = X°b = R and that obs is the sum +
equipping the vector space RY. We must formalize that
NP-GENSA(6)) is asked to detect the presence of 6, in
the randomized observation X°* of S, The following
randomization makes the sensitivity and specificity of NP-
GENSA(6y) adapted to detect 6y on the basis of Xobs,
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Let (Q,Xq,P) be a probability space. We equip R?
with Zgs as the usual Borel o-algebra of RY. We thus
have (ﬁ, Nint )(Q’ZQ,]P) = (R_J,R_d)(g,zgv]p), where R_d =
(R?, Zga).

We consider the subset randdet(go) C (R R4 )@3q.p) Of
all randomizations (S, Ni") € (R4, R4 )@.5q.p) such that
N™ ~ N(0, I;) and

sext. Q)
w (13)

N
—  &(w) b,
with & is non-degenerated Bernoulli distributed in {0, 1}
and independent of N'™. The functions §*' and N'™ are

thus independent measurable functions of ( R4, R? )Q.30.P)-
Therefore, in summary,

T anddet(go ) =

{(Semiﬁ - @, Nimiﬁ i Ninl) € (ﬁ,m)(g,zg,p) |

St = g6y, & Q- {0, 1}, non-degenerated, }
N and & independent, N™™ ~ (0, 1) '

The randomized observation function is thus
X = g6y + N™ (14)

and the decision problem embedded in NP-
GENSA(6p) consists of deciding on the value of &
on the basis of X°". In other words, we want to detect
the presence (¢ = 1) or absence (¢ = 0) of 8y, given the
observation X°P. We want to achieve this detection with
an optimal sensitivity and a guaranteed specificity.

To achieve this twofold purpose, let us consider the
following dissimilarity function:

(532?(90) : 590 X Rd - R
(6o, p), x°™) = (60, x) /1I6oll -

The relevance of this function for detecting 6, when we
observe X°* can be emphasized as follows. Take s =

(60, p) € Sg,. Since S = § = £6 by Egs. (10), (11),
(13), we have

15)

30 40y (5550 = (6o, £60 ) / 1160ll = & 16oll -

Therefore, deciding whether £ = 0 or & = 1 is equivalent to

deciding whether (532&%)(& S = 0 or not. In particular,

Sonen) (87N >0 =1 (16)

It follows that we will have to choose a null tolerance and
thus consider 0-specific GENSAs in what follows.

Since we have chosen 8§t = Nint = xobs = Jout —
RY, specified 8g, by (12), obs = + in R4 by (11), and the

. . . . . b
dissimilarity function ‘539,15(0 ) in (15), we set

Gaewoy) =
{G = (+, 050 - actG, @, fidou) |
{act(; : 5°05(8, X %) = [0, 1]

(pL(l}pdt -8 X [0 1] N 8905 dout

. 890 — 7out }

We have now randgeqg,) C (R_d,R_d)(g,zQ,]p) and G- In
addition, we have noticed that we must consider 0-specific
GENSAs. Thence the question of whether we can find

UMS GENSAs within K m"d““”“)(gdet(go)). The answer to
this question is provided by the next result. In what fol-
lows, || || designates the Euclidean norm on R?.

Proposition 4.1. Let ® be the cumulative distribution
function of the Gausszan N (0,1). Consider any elemen-
tary update function th 2 89, X [0,1]1 — 8¢y, and any
readout function f’d"”’ : 84, — RZ With the same nota-
tion as above, any GENSA

G* = RLR R {60} X[0, 11.RY, +, 600, » @, 08", f51)

randee,)

is UMS in K, (Gderoy))-

Proof. After some routine algebra, it follows from the
Neyman-Pearson Lemma [40] that, given any (S, N'™) €
randdey),

Yy €10, 1LB [0 0. X ) /1160l < ¥ =0] =y (17)

randde|(g0)

and, for all G € K (Get(s,)) such that

Yy €10, 1[,
(18)
P [acta(( 60, X} / 160l < A6, 0) &= 0] >,
we have also
Yy e€l0, 1],
P[0 6. X/ lI60l) > y1e = 1] > (19)

P [actc(( 60, X°™ ) / l160ll) > Aa(7,0) & = 1] .

We have Ag-(y,0) = v and the result then derives from
(16), (17), (18), injected into the definitions of specificity
and sensitivity given by (11) and (11), respectively. O

According to this proposition and our introductory
paragraph, we define NP-GENSA(6) as the 10-uple:

Gnpey) =
(Rd Rd Rd {9 }X [0 1] Rd-i- 6obs UPdl fdout) (20)
> 5 » U0 s 11 del(eo)’ 6
where .
Pt 8, x[0,11 — 8, e
(0 p)-q) = (6o,q)
and , .
rdout . : 8 - R
T % (22)

@o,p) > pbo.

Given s = (6, p) € 8y, and X = (§, N'™'), we derive
from (5) and (21) that the update function of Gnp(,) re-
turns

updt(Xm 5) = SOZPdt ( 5, O( 5355(9(])(& XObS) ))

(60, @ (<60, X°**) / 160]1)) -
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and thus, from (22), that the readout function will output

2ot (6o, ({60, X ) / [60]))
= ® (b0, X°™) / 16011 -

As mentioned above, NP-GENSA(6y) keeps in memory
6y, which it attempts to detect on the basis of the random-
ized observation, and the behaviour of NP-GENSA(6,),
when the memorization of 6 is altered and even lost, could
be addressed in future work. Regarding our choice for
fgf‘)”‘, the reader may refer to Remark 4.1 below, which
concerns both NP-GENSA(6,) and RDT-GENSA(6)).

4.2 Construction of RDT-GENSA(6)

As for NP-GENSA(6)), we are given 8y € RY, we set
8§t = NIt = o> = R4 and obs is the sum + in the
vector space R4, The state space is 8y, = {6} % [0, 1]
again. In contrast to NP-GENSA(6)) aiming at detecting
6p in its environment, 6 is hereafter used as a signal that
RDT-GENSA(6)) emits, with an amplitude depending on
the amplitude of the change it detects in its environment.
More precisely, the rationale is the following one.

Given a probability space (Q,Zq,P), we consider
again the set (R?,R? )q 5, ») of (Q, g, P)-randomizations
of GENSAs with external state space R? and internal noise
set R, both equipped with the Borel o-algebra of RY. We
assume that, for some 7 > 0, the variations of [|S®*!|| below
7 are due to fluctuations of poor interest for the GENSA to
detect. The real value 7 is called tolerance, as in Defini-
tion 3.1. When ||S®*Y|| > 7, we then consider that a change
has occurred in the environment and has induced an ampli-
tude beyond 7 for S°*'. The purpose of RDT-GENSA(6y) is
then to detect the increase of ||S®*|| beyond the tolerance,
given X°% = § 4+ Ni"_ When such a change occurs, the
GENSA is asked to emit an alarm signal collinear to 8y to
which it is adjusted, the amplitude of the emitted signal
being a function of the amplitude of the change detected
by RDT-GENSA(6,) given X°®. The role of §, in RDT-
GENSA(6)) is thus fundamentally different from that of
6y in NP-GENSA(6p). This crucial difference prefigures
de-generacy, as addressed in Section 4.3.

To formalize the foregoing, with the same notation as
above, consider the subset

I'andGauss c (Rd’ Rd )(Q,ZQ,P)

of all randomizations (S, N™) € (R_d,R_d)(Q,zﬂ’p) such
that N'™ ~ N(0, 1;). We thus have

randGauss =
{(Se’“iﬁ — St NN Q) — W)€(R_d,R_d)(fz,zg,lm |
N~ N(0, ),
St and N independent |

With respect to the rationale above, the dissimilarity func-
tion we choose is now

890 x R4 - R
(6o, p), x°*) >

obs .
chng,6p *

[l

10

Although we stick to Definition 2.3 to define §°%

chng,6y’ the

outcome of 6gﬁgg o does not depend on (6, p) € Sy, and

thus, on 6y. This is a key feature for RDT-GENSA(6p) to
palliate limitations of NP-GENSA(6)) in Section 4.3.

Having fixed 8 = Nint = 00obs = xout = R4, specified

8g,» chosen obs = + in R4, and defined the dissimilarity

function 6;’}[:35 0> Ve proceed similarly to the construction

of NP-GENSA(6)) by considering the following family of
GENSAs

gchngﬁg =

— obs updt
{G = (+, 6chng 0o’ »acte, %G

f(r}doul) |

actg @ 6°P%(8 x X°P%) — [0, 1]
P 8% (0,11 8
f;r;dout - 8 — out

We have randgayss, Qchng ¢, and the problem of test-
ing whether 5°E:g9 (s, S‘”‘t) 7 or not. The question
is therefore whether we can find UMS GENSAs within
7(,‘*‘“"Gﬂ“>>(gchng,90). The answer to this problem is pro-
vided by the next proposition, in which R;/»(r,e) = 1 —
Qan(t,®), Q42 being the generalized Marcum function
[417.

Proposmon 4.2. Consider any elementary update func-

tion g U 84, X [0,1] — Sy, and any readout function
éd”"’ : 89, — Rd With the same notation as above, any
GENSA

G* = (RY, R, RY, {6y} x [0, 11, RY, +

updt d t
¢/1:Lg90 ﬂ‘/Z/Z(T .) P f’ o

is UMS in K" (G epng )

Proof. As for NP-GENSA(f,), we have St = Sext,
Therefore,
Vs € 84, 00ng 6, (5 50) = 655 4 (5,.8%) = [IS™|. (23)

It then turns out that, given the randomized observation
Xobs, testing whether 6"}?; % (s, Se’“) T or not, is a Ran-

dom Distortion Testing (RDT) problem with tolerance

T > 0 [42]. After some algebra, we derive two results
from [42, Theorem 2]. First,
Yy €10, 11,
inf  P[Ryn(n.IX) < y| I8 < )] =

(S, N™) € randgauss
s B[S < 7] % 0

(24)
Second, for all

updt

dout dg
(+ 5chng 0o° ,actg, (;0(; fr o ) € (](Tran Gauss (gchng,(v‘o)

and all (S, N'™) € randgass such that P [[|S| > 7] # 0,

P[Rap (@ IX™Il) > | 15 > p)]

(25)
P[acta(IX°™Il) > Ay, )| ISl > p] .
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Similarly to the proof of Proposition 4.1, Ag-(y,7) = v and
the result follows from (23), (24), and (25), injected into
the definitions of specificity and sensitivity given by (11)
and (11), respectively. O

We now complete the construction of RDT-
GENSA(6)), by keeping the same elementary update
and readout function as those considered to define
NP-GENSA(6p) and given by (21) and (22). Therefore,
RDT-GENSAC(6)) is the 10-uple:

GroT(0))
= (Rd’Rd’ Rd’ {90} X [O’ ]]7 Rd’ +’

b updt  crdout
6ghlslg,9()’ Rd/z(‘r’ .)’ <p90 ’ fgo o ) :

(26)

According to (5), for X™ = (S, N'"!), the update function
of RDT-GENSA(6,) is given by

V(600. P) € Say» fanr(X™. (60, p)) = (6o Rapa (IX°™ 1))

and

£33 (60, Raa(1X°I1)) = Ray2 (1X11) 6 -

It is thus by using the same elementary update and readout
functions as NP-GENSA(6y) that 6, plays an active role
in the functioning of RDT-GENSA(6p). In particular, 8y
is kept in memory and, as for NP-GENSA(6), it can be
wondered what effects an alteration of this memorization
could have.

Remark 4.1. Although the general Definition 2.6 does not
specify any readout function for the GENSA, we have pro-
posed that the readout functions of the NP-GENSA(8y) and
the RDT-GENSA(6y) output a vector colinear to the model
6o, with an amplitude in the interval [0,1]. Some other
outputs could probably be proposed. For instance, why not
outputting 6y or 0, depending on whether the outcome of
the activation function is sufficiently large or not? The rel-
evance of fgro‘i””’ is precisely to not output any of the extreme
values 0 and 6y, but the strength of the activation calcu-
lated by the GENSA. The quantity 1 — act (6°%( s, X)),
where act is either ®, for NP-GENSA(6y), or Rup(t,e),
for RDT-GENSA(6,), could model the proportion of input
“energy” that the GENSA requires, from its environment,
to make evolve its state.

4.3 NP-GENSA(6)) and RDT-GENSA(9,) as
de-generate GENSAs

We now illustrate that NP-GENSA(6,) and RDT-
GENSA(6y) are de-generate instances of the GENSA,
in the sense that they achieve functional redundancy.
The rationale is the following. As detailed above, NP-
GENSA(6y) and RDT-GENSA(6y) handle differently the
same 6) € RY: NP-GENSA(8y) is asked to detect 6 in
X, whereas RDT-GENSA(6y) is aimed at emitting 6,
with an amplitude depending on the amplitude of some
change that RDT-GENSA(6y) may have detected in its
environment. However, a change in the environment of
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RDT-GENSA(6)) can result from the presence of 6 it-
self in the vicinity of this GENSA. In other words, RDT-
GENSA(6)) can also be used to detect 6y given its obser-
vation X°.

Given a probability space
(R4, R? )5, ) as defined above, let

Q,2n,P) and
randgseort(g,) C (R4, R4 ) QZ0.F)

(Sext’ Nint) c
N(@O,1;) and

be_ th_e set of all randomizations
( Rd, Rd )(Q’ZQ’P) such that Nim ~
St = g6y + A where:

e cisanon-degenerated Bernoulli random variable valued
in {0, 1} where, by non-degenerated, we mean that P[e =
11 ¢ 10, 1}

eA:Q 5 RI regarded as an interference with 6y, and
S as a distorted version of 6, in the vein of [42];

e There exists T €]0, oo[ such that ||G]| > 27 and ||A|| < T,
e £, A and N™ are independent.
In summary, we have:

randdstorl(@g) =

{(Sm:ﬁ NG N ) (T B s |

A7 >0,1160ll/2 > 7 = |IAll,

& : Q — {0, 1} non-degenerated, }
N~ N(0, 1), '
A, N™, & independent.

S = g6y + A with

We can regard randgsior(g,) as @ middle ground between
randgey(g,) and randgauss since

randdet(go) C randdston(go) C randGauss . (27)

In randggor(g,), € still models the random presence or ab-
sence of ) as in randgeyg,), but the presence of A ren-
ders unknown the distribution of S**' when considering
randgauss. The randomized observation function is now

X% = g6y + A+ N™. (28)

The detection problem we want to solve now via GEN-
SAs is still that of the presence (¢ = 1) or the absence
(e =0) of 6.

With randomization drawn from randgsorg,). it turns
out that NP-GENSA(6)) is not O-specific in Ggeyg,) any-
more: regardless of whatever small A can be, there will
always be values for A for which (17) will be violated [43,
Appendix A]. Therefore, NP-GENSA(6y) cannot guaran-
tee anymore a given specificity when £ = 0.

In contrast, RDT-GENSA(8y) can be used instead to
make a decision on &. Actually, it follows from the triangle

inequality, and the assumptions on 6, and A, that
=0 |S™|<tand (=1 IS >7). (29)

Therefore, from Proposition 4.2, (29), (24), (25) and (27),
and since ¢ is non-degenerated,

inf  P[Rap(n X <y|e=0)] =y (30)

(S, N) € randstort(ey)
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and
2 [Rap (e XN > y |6 = 1)]

(31)
> P[acta(IX™) > (., 7)| & = 1)]

for any (S, NM) ¢
‘K:anddsw"mm(gchngggo). It follows from the foregoing that

. . dysto .
Grot) s UMS in K (Geng 4,) and thus makes it
possible to decide on the value of & with guaranteed speci-
ficity and optimal sensitivity.

randgsortg,) and any G €

5 Conclusion and prospects

We have presented the first part of our on-going research
dedicated to mathematical models of biological dynamic
systems such as the immune system. Central to this re-
search is the GENSA, as defined in the present paper in
the form of an automaton. The GENSA can be used
as a model of agent, but also as a model of discretized
differential equation. As such, the GENSA is expected
to apply to various physical systems beyond biological
ones. In continuation to [32, 44], we have randomized the
GENSA to study statistical properties of this model. By
casting the GENSA into a statistical testing framework,
we have derived and assessed different similarity and ac-
tivation functions. In his respect, we have exhibited NP-
GENSA(6y) and RDT-GENSA(6)) to illustrate the func-
tional redundancy that these two types of GENSA ver-
ify. With reference to our companion paper [29], NP-
GENSA(6)) targets known patterns, analogously to how
the immune system quickly recognizes conserved signals,
whereas RDT-GENSA(6)) is aimed at detecting possibly
unknown and/or rare patterns through random perturbation
tests, mirroring the immune strategy of generating diverse
receptors to detect novel antigens.

Note that our results on NP-GENSA(8y) (resp. RDT-
GENSA(6))) have been stated for a family of GEN-

SAs with same dissimilarity function 6325(00) (resp.
obs

Chng,90). We made this choice for it suffices to exemplify
the de-generacy properties of NP-GENSA(6y) and RDT-
GENSA(6p), without getting the reader bogged down into
mathematical details. In fact, we have not fully exploited
the Neyman-Pearson Lemma [40] and [42, Theorem 2].
An on-going exploratory work is aimed extending the op-
timality and de-generacy of NP-GENSA(6)) and RDT-
GENSA(6p) to more general families of GENSAs, with
dissimilarity functions larger than those considered in this
paper.

It was important to derive de-generate GENSAs to
pave the way for further theoretical analysis of functional
redundancy, “/[...] generally associated with higher re-
silience” [45]. For instance, degeneracy allows the im-
mune system to maintain function despite perturbations
and to evolve new solutions through redundancy and fuzzi-
ness [46]. More generally, “Robustness, a system’s stabil-
ity, and resilience, the ability to return to a stable state,
are key concepts that span multiple disciplines within and
outside the biological sciences” [47] and “Determining
the processes that generate resilience and robustness to
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disturbance across levels of biological organization is in-
creasingly important as the pace of global change ac-
celerates [...]” [48]. Dynamical models such as the
GENSA are expected to bring much to our understanding
of robustness and resilience of biological systems.

To explore further the model of robustness and re-
silience that GENSAs can actually propose, invariance
should be key because of the abundant symmetrical fea-
tures encountered in the biological world [10] and its links
with robustness. For instance, “[...] scale-invariance
allows a system to detect relative, as opposed to abso-
lute, changes in input signals, and to do so robustly even
when intermediates in signaling pathways are varied” [6].
A key point in our on-going theoretical analysis is the
following one. Fundamentally, as a consequence of the
RDT theory introduced in [42], RDT-GENSA(6y) funda-
mentally optimizes a criterion based on invariance prop-
erties of the problem it addresses. The robustness of
RDT-GENSAC(6)) directly relies to these properties of in-
variance, in contrast to NP-GENSA(6,) whose optimality,
specified by the Neyman-Pearson Lemma, is not based on
invariance properties.

As already noticed above, Definition 2.6 does not spec-
ify any readout function for GENSAs. Nevertheless, we
have proposed readout functions for NP-GENSA(6,) and
RDT-GENSA(6y) on the basis of some arguments given
in Remark 4.1. It can thus be wondered to what ex-
tent the particular choice of readout functions for NP-
GENSA(6y) and RDT-GENSA(6y) can help us exhibit ap-
propriate features that GENSA readout functions should
satisfy. Our guide in this respect is to consider that the out-
come of the readout function of a given GENSA, say Gy, is
a message formalizing the action exerted on Gy by its ex-
terior. This exterior can itself involve other GENSAs re-
ceiving this message emitted by Go, and emitting them-
selves messages, thus forming with Gy a communication
network. The issue is then to design suitable readout func-
tions to optimize, in a sense that remains to be specified,
this communication network. The study of such a commu-
nication network could address, as suggested above, the
case of GENSAs with memory affected by a loss or an
alteration of the model 6y, to which NP-GENSA(6y) or
RDT-GENSA(6)) are tweaked. The impact of a network
of GENSAs on S could also be studied and it could
also be wondered whether the external environment of a
given GENSA could not be modeled, itself, as a network
of GENSAs.

As a privileged application of our theoretical frame-
work, one question to address could be how and whether
the GENSA and, eventually, networks of GENSAs, can
be used by integrating omics dataset to retrieve popula-
tion dynamics or other time-series. We could begin by
integrating omics datasets related to cell proliferation and
cycle regulation. For example, modeling basic T cell pro-
liferation dynamics using transcriptomic and phenotypic
data would provide a foundational layer. Subsequent inte-
gration of findings from [49] on immunological memory
collapse, [50] on T cell homeostasis, and on proliferation
heterogeneity [26] would require dynamic adaptation of
network topologies and degeneracy parameters.
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