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Abstract. To describe fusion, coupled channels models typically implement an absorbing potential or incom-
ing wave boundary condition to capture incoming flux that penetrates the fusion barrier. These flux-trapping
conditions obscure the dissipative processes that lead to fusion, preventing any understanding of how the ap-
parently irreversible thermalisation of the compound nucleus can occur within an isolated quantum many-body
system. Here, we approach modelling fusion with a time-dependent coupled channels model that does not
require these conditions. Instead, incoming flux is trapped by allowing the wavefunction to couple to a large
number of channels once inside the barrier. Results suggest that with sufficiently many channels included in
the system, the transmission of the wavefunction through the potential barrier could be accurately reproduced
without artificial flux-trapping conditions.

1 Introduction

When nuclei collide, some of the energy associated with
their relative motion may be transferred to internal degrees
of freedom, associated with the motion of constituent nu-
cleons. This dissipation of energy into internal states plays
an increasingly important role as reaction outcomes be-
come more complex, from inelastic scattering to fusion.
During fusion, the kinetic energy associated with relative
motion must be entirely dissipated in order to form a com-
pact, equilibrated compound nucleus.

The subsequent evolution of the compound nucleus
is encapsulated in Bohr’s independence hypothesis [1],
which states that the decay of the compound nucleus is
independent of its formation. This phenomenon emerges
from the expectation that the compound nucleus is long-
lived in comparison to the transit time of a nucleon across
the nucleus. It implies that fusing systems lose informa-
tion about the entrance channel. Bohr’s hypothesis has
been verified experimentally (see, for example, Refs [2, 3])
by comparing cross-bombardment reactions that produce
the same compound nucleus with the same excitation en-
ergy and angular momentum.

Nuclear collisions are fast (~10−21 s [4]), and conse-
quently well-isolated from interactions with their external
environment. Time evolution in an isolated quantum sys-
tem is unitary and hence reversible. However, the loss of
information about the entrance channel that occurs during
fusion makes the entrance channel irrecoverable and im-
plies that fusion is irreversible. This makes fusion a good
example of apparently irreversible dynamics occurring in
an isolated, many-body quantum system. Understanding
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how this can arise in isolated quantum systems is currently
an open question in quantum mechanics [5].

The coupled channels model is widely used to de-
scribe fusion [6]. The colliding nuclei are described by a
linear superposition of channels that are allowed to cou-
ple together. Solutions of this system under the time-
independent Schrödinger equation are found numerically.
Typically, to model fusion a complex absorbing potential
or an incoming wave boundary condition (IWBC) is ap-
plied inside the barrier region [6]. This removes the in-
coming flux that penetrates the fusion barrier, allowing the
barrier transmission and fusion cross section to be calcu-
lated from the reduction in amplitude of the outgoing flux.
However, it enforces irreversibility while obscuring any
details about the energy dissipation involved.

Over the past two decades, several limitations of cou-
pled channels models have become apparent. Coupled
channels calculations are unable to simultaneously repro-
duce measurements for different reaction outcomes, such
as elastic scattering and fusion, when using the same po-
tential parameters [7, 8]. A similar problem is encountered
when attempting to describe fusion at energies both above
and below the barrier [9, 10]. These observations highlight
the fact that coupled channels calculations require param-
eters to be tuned to match the specific problem at hand,
rather than achieving a unified model that describes all re-
action outcomes. It is widely agreed that a contributing
factor to these limitations is an incomplete description of
energy dissipation [10, 11].

Recent research has revealed that energy dissipation
begins early in the reaction, even before capture [12]. The
flux-trapping conditions of current models, applied inside
the barrier, do not allow us to investigate dissipation that
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begins outside the barrier. This further motivates the de-
velopment of an explicit description of energy dissipation.

In this article we present the first steps towards de-
veloping a dynamical coupled channels model for fusion
without requiring an absorbing potential or IWBC. We
present results suggesting that fusion may be described by
allowing the system to couple to a sufficiently large num-
ber of channels inside the barrier, which act as a reservoir
for energy dissipation. Importantly, this model provides an
explicit description of dissipation among the many chan-
nels in the system.

2 Methods

To find solutions of the coupled channels equations in a
time-dependent framework, we apply a time-dependent
wavepacket method to solve the time-dependent coupled
channels (TDCC) problem (Fig. 1). The initial wavepacket
is localised far from the potential barrier where the poten-
tial is small, with some initial kinetic energy, E0. As the
system evolves, part of the wavepacket may tunnel through
(or pass over) the barrier while the rest is reflected. Flux
that remains inside the barrier for a long period of time can
be identified with fusion. Using a time-dependent method
thus allows us to identify fusion by taking advantage of
the long timescale of fusion relative to other reaction out-
comes.

To perform the time propagation we use the Cheby-
shev polynomial method [13], in which the time evolution
operator is approximated as a polynomial expansion in the
Hamiltonian, Ĥ, of the system,

exp
(
− iĤt
ℏ

)
=
∑

n

anTn(Ĥ). (1)

Here, Tn is the Chebyshev polynomial of degree n and an

are expansion coefficients. This method is advantageous
because the error in the numerical propagation associated
with approximating the time evolution operator can be re-
duced to the limit of machine precision [13]. Then, the
largest contribution towards numerical error is the appli-
cation of the Hamiltonian, Ĥ, itself.

In previous applications of the Chebyshev method to
nuclear contexts (for example, Refs [14, 15]), the applica-
tion of the kinetic energy component of Ĥ was calculated
using a Fourier method. Fourier methods naturally enforce
periodic boundary conditions, meaning that flux will con-
tinue past the r = 0 boundary and reappear at the other
end of the spatial grid. With an absorbing potential inside
the barrier this is not an issue, as incoming flux is captured
before it can reach the boundary. Here, we use an 8th-
order finite difference [16] to calculate the application of
the momentum operator. This allows us to enforce a hard
boundary at r = 0. The accuracy of the 8th-order finite
difference is O(∆x8), limited by the spacing ∆x between
adjacent points of the spatial grid.

The method was verified by calculating the transmis-
sion through a Gaussian barrier for simple, two-channel
coupled systems, reproducing results solved with time-
independent methods in Ref. [17]. We then examined
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Figure 1. Diagram of the time-dependent coupled channels ap-
proach. (a) The initial wavepacket (green) is propagated forward
in time under the internuclear potential (purple line). (b) At a
later time t = t f , most of the wavepacket (orange) has reflected
from the potential barrier while a small part (blue) has tunnelled
through.

16O+208Pb as it is well measured, and hence offers the
opportunity to compare our model to experimental mea-
surements and other theoretical models in the future. For
the calculations presented in this paper, we used the inter-
nuclear potential from Ref. [10], consisting of an attrac-
tive Woods-Saxon potential with depth 100 MeV, radius
9.94 fm, and diffuseness 0.66 fm, and a sphere-Coulomb
potential with radius 10.13 fm. The resulting potential
barrier has a maximum of VB = 74.5 MeV at radius
RB = 11.95 fm. For simplicity, the calculations presented
here are performed with zero angular momentum.

A consequence of using time-dependent wavepacket
methods is that a spatially localised wavepacket contains a
range of different energy components, which currently we
cannot resolve. We thus choose a spatially wide Gaussian
initial wavepacket, with standard deviation σ0 = 150 fm,
so that the corresponding spread in energy is narrow (σE ∼
0.13 MeV). It was initialised at r0 = 2100 fm, where the
Coulomb tail of the potential varies by less than 0.15 MeV
over the 2σ0 extent of the wavepacket. The entire spatial
grid spanned 0–3500 fm, with spacing ∆r = 0.1 fm be-
tween adjacent points.

Before considering the transmission of the wavepacket
through the potential barrier in a coupled system, we per-
formed calculations with an absorbing boundary at r = 0,
performing the same function as an absorbing potential or
IWBC. We verified that the resulting transmission of the
wavepacket matches that found by numerically solving the
time-independent Schrödinger equation with an absorbing
potential inside the barrier. That is, with the inclusion of a
flux-trapping condition, our time-dependent method coin-
cides with time-independent solutions, as expected.
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Hamiltonian, Ĥ, of the system,

exp
(
− iĤt
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using a Fourier method. Fourier methods naturally enforce
periodic boundary conditions, meaning that flux will con-
tinue past the r = 0 boundary and reappear at the other
end of the spatial grid. With an absorbing potential inside
the barrier this is not an issue, as incoming flux is captured
before it can reach the boundary. Here, we use an 8th-
order finite difference [16] to calculate the application of
the momentum operator. This allows us to enforce a hard
boundary at r = 0. The accuracy of the 8th-order finite
difference is O(∆x8), limited by the spacing ∆x between
adjacent points of the spatial grid.

The method was verified by calculating the transmis-
sion through a Gaussian barrier for simple, two-channel
coupled systems, reproducing results solved with time-
independent methods in Ref. [17]. We then examined

Trapped flux
(fusion)

Fusion
barrier

(a)

(b)

Incoming
wavepacket

Outgoing
wavepacket

Po
te

nt
ia

l
Po

te
nt

ia
l

Distance

Distance

Figure 1. Diagram of the time-dependent coupled channels ap-
proach. (a) The initial wavepacket (green) is propagated forward
in time under the internuclear potential (purple line). (b) At a
later time t = t f , most of the wavepacket (orange) has reflected
from the potential barrier while a small part (blue) has tunnelled
through.

16O+208Pb as it is well measured, and hence offers the
opportunity to compare our model to experimental mea-
surements and other theoretical models in the future. For
the calculations presented in this paper, we used the inter-
nuclear potential from Ref. [10], consisting of an attrac-
tive Woods-Saxon potential with depth 100 MeV, radius
9.94 fm, and diffuseness 0.66 fm, and a sphere-Coulomb
potential with radius 10.13 fm. The resulting potential
barrier has a maximum of VB = 74.5 MeV at radius
RB = 11.95 fm. For simplicity, the calculations presented
here are performed with zero angular momentum.

A consequence of using time-dependent wavepacket
methods is that a spatially localised wavepacket contains a
range of different energy components, which currently we
cannot resolve. We thus choose a spatially wide Gaussian
initial wavepacket, with standard deviation σ0 = 150 fm,
so that the corresponding spread in energy is narrow (σE ∼
0.13 MeV). It was initialised at r0 = 2100 fm, where the
Coulomb tail of the potential varies by less than 0.15 MeV
over the 2σ0 extent of the wavepacket. The entire spatial
grid spanned 0–3500 fm, with spacing ∆r = 0.1 fm be-
tween adjacent points.

Before considering the transmission of the wavepacket
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Figure 2. Real part of the wavefunction (black) at example (a)
resonant and (b) non-resonant energies, found by numerically
solving the time-independent Schrödinger equation. The right
vertical axis shows the internuclear potential V(r) (purple). The
potential parameters are from Ref. [10], for 16O+208Pb (see text).
The grey shaded area indicates the region where the wavefunc-
tion is classically forbidden, E < V(r).

3 Resonances

Without an absorbing potential or IWBC inside the bar-
rier, we need to consider the effect of resonances on the
time-evolution of the system. Resonances occur at spe-
cific energies where the interior of the potential acts as a
resonant cavity. For example, the potential used here for
16O+208Pb exhibits a resonance at E = 69.72 MeV. Near
this energy, the transmission of the wavefunction through
the potential barrier is enhanced, seen by the large ampli-
tude of the static solution inside the barrier region, shown
in Fig. 2a. In contrast, at non-resonant energies (Fig. 2b),
the amplitude of the wavefunction is diminished inside the
barrier.

Resonances are sensitive to the form of the potential.
Allowing states to couple together modifies the potential,
resulting in barrier splitting and barrier distributions [17].
Rather than interacting with a single potential, the coupled
system can be considered to be interacting with a super-
position of different potentials. Accordingly, the splitting
of the potential causes the resonances to split and shift in
energy. The more channels available, the more the reso-
nances will fragment, changing the fraction of the flux that
penetrates the barrier. With sufficiently many couplings,
we might expect to approximate the actual behaviour of
the compound nucleus and its formation.

4 Modelling fusion without an absorbing
potential or IWBC

Coupled channels calculations typically include only a few
channels, focussing on the dominant states involved in the
reaction. In reality, a large number of internal states are
involved in fusion, as energy is dissipated among the many
internal states of the compound nucleus.

We propose that for the purpose of modelling fusion,
it may be possible to approximate the many internal states
of the compound nucleus by allowing the system to couple
to a large number of channels once inside the barrier, pro-
ducing a broad, densely populated spectrum of resonances
accessible only via coupling at short distances inside the
barrier. This enables the wavefunction to be trapped with-
out needing an absorbing potential or IWBC.

As more channels are included in the system, we ex-
pect that the exact details of the individual channels and
couplings will become less important. Coupling to one
reservoir of many coupled channels should be much the
same as coupling to another, provided that they share sim-
ilar overall properties (i.e., the excitation energies of the
states and the couplings between them are on the same or-
der of magnitude).

To test this, we performed calculations at an off-
resonance energy, E = 71.5 MeV, with an increasing num-
ber of channels included in the system. Each pair of chan-
nels is coupled together by a Woods-Saxon coupling po-
tential with a randomly chosen strength between 0–1 MeV.
The radius RC = 3.98 fm and diffuseness aC = 0.33 were
chosen so that the coupling potential was entirely localised
inside the barrier radius. The excitation energies Ex of the
channels are evenly spaced between 0–3 MeV, with the en-
trance channel having Ex = 0 MeV. For each system of N
channels, we performed calculations for 20 different sets
of random couplings. To ensure that observed differences
are due to the number of channels rather than the indi-
vidual couplings, the channels and couplings of smaller
systems were chosen as subsets of the largest (N = 512)
systems.

As a proxy for the transmission of the wavefunction
through the barrier, we calculate the total norm of the
wavefunction inside the barrier radius. Example calcu-
lations, as a function of time, are shown in Fig. 3 for
an increasing number of channels. The dashed line in
Fig. 3a shows the result for a single channel (no coupling).
For this single-channel calculation, the amount of flux in-
side the barrier region increases over time as the incoming
wavefunction arrives, and then decreases while the bulk
of the wavefunction reflects from the barrier and the flux
immediately exits the barrier region. The amount of flux
inside the barrier at any one time is always lower than the
total expected transmission (grey horizontal line), as the
spatial width of the wavepacket is large relative to the bar-
rier radius. By the time the later parts of the wavepacket
reach the barrier, the earlier parts have already left. This
single-channel result illustrates that off-resonance energies
transmitted through the barrier do not remain trapped.

Once couplings are introduced, even with only N = 8
channels (Fig. 3a), the amount of trapped flux at any one
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Figure 3. Norm of the wavefunction inside the barrier region (r < RB = 11.95 fm) over time for calculations at E = 71.5 MeV with
(a) N = 8, (b) N = 64, and (c) N = 512 channels included in the model. The channels are allowed to couple together inside the barrier
region (see text). Here, 10 different coupling schemes are shown, each with different, randomly selected coupling strengths between
each pair of channels. The horizontal line shows the expected transmission of the wavepacket through the potential barrier, calculated
by numerically solving the time-independent Schrödinger equation for the range of energies contained in the initial wavepacket. The
dashed grey line in (a) shows the wavefunction norm over time for a single-channel system, with no coupling.
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Figure 4. Flux remaining inside the barrier region at time
t f = 32500 fm/c. For each number of channels, there are
20 different coupling schemes with randomly chosen coupling
strengths between each pair of channels (see text). The grey hor-
izontal line shows the expected transmission through the poten-
tial barrier.

time is substantially increased. However, the amount of
flux that remains trapped inside the barrier varies by some
orders of magnitude, depending on the couplings between
channels. As the number of channels increases, to N = 64
(Fig. 3b) and N = 512 (Fig. 3c), the wavefunction norm
inside the barrier region becomes more consistent across
the different sets of random couplings. Furthermore, the
amount of flux trapped inside the barrier region at long
times, after the rest of the wavefunction has reflected, ap-
proaches the expected transmission (grey horizontal line).

A more detailed picture is presented in Fig. 4, show-
ing the norm of the wavefunction inside the barrier at time
t f = 32500 fm/c. Each point shows the result from a dif-

ferent set of random couplings, of which there are 20 for
each N. As the number of channels increases, the amount
of trapped flux becomes less dependent on individual cou-
plings and approaches the transmission expected from a
single channel calculation with an absorbing potential.

A surprising feature of the results presented Fig. 4 is
that for some coupling schemes, the amount of flux inside
the barrier region can exceed the expected transmission
through the barrier. This may be a result of the coupling
potential extending weakly into the barrier region, slightly
enhancing the transmission. To prevent this from occur-
ring, we could restrict the coupling potential to shorter dis-
tances and increase how steeply it falls off before the bar-
rier. It should be noted that a sharp cutoff of the coupling
potential is not a good option as it will induce reflections.
This may also explain some of the variation in the norm
inside the barrier amongst the different random coupling
schemes.

5 Conclusion

We investigated a new approach to describe fusion using a
time-dependent coupled channels model. The wavefunc-
tion is allowed to couple to a large reservoir of channels
inside the fusion barrier. These produce a densely popu-
lated spectrum of resonances, trapping the wavefunction
inside the barrier without an absorbing potential.

Our results suggest that with enough channels, out-
comes become independent of the nature of the couplings
between the channels. With an increasing number of
channels, the transmission of the wavefunction through
the potential barrier approaches that expected from time-
independent calculations. Further work is required to un-
derstand exactly how many channels and couplings are
required for the solution to converge to arbitrary preci-
sion, and to quantify the effect of the overall strength of
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potential extending weakly into the barrier region, slightly
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ring, we could restrict the coupling potential to shorter dis-
tances and increase how steeply it falls off before the bar-
rier. It should be noted that a sharp cutoff of the coupling
potential is not a good option as it will induce reflections.
This may also explain some of the variation in the norm
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5 Conclusion

We investigated a new approach to describe fusion using a
time-dependent coupled channels model. The wavefunc-
tion is allowed to couple to a large reservoir of channels
inside the fusion barrier. These produce a densely popu-
lated spectrum of resonances, trapping the wavefunction
inside the barrier without an absorbing potential.

Our results suggest that with enough channels, out-
comes become independent of the nature of the couplings
between the channels. With an increasing number of
channels, the transmission of the wavefunction through
the potential barrier approaches that expected from time-
independent calculations. Further work is required to un-
derstand exactly how many channels and couplings are
required for the solution to converge to arbitrary preci-
sion, and to quantify the effect of the overall strength of

the couplings. To benchmark our new method, future
work will also require comparison to established time-
independent coupled channels codes, such as CCFULL
[18] or FRESCO [19].

Our method explicitly (albeit phenomenologically) de-
scribes the dissipation of incoming flux a mong many 
states. This provides insight into the mechanisms that 
drive energy dissipation in nuclear reactions, and a frame-
work to investigate the onset of dissipation in superheavy 
element formation reactions. Furthermore, it may shed 
light on the apparent irreversibility inherent to fusion, as 
described by Bohr’s independence hypothesis, and the 
emergence of irreversible phenomena in a fully coherent 
quantum system.
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