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Abstract.

Coupled-channels models for non-relativistic nuclear collisions face challenges in consistently

describing fusion cross-sections across a wide range of energies. This work develops the foundations for al-
ternative approaches to fusion using time-dependent few-body methods. We present a robust, numerically
convenient time-dependent method for determining the S-matrix via the wave packet time-correlation func-
tion, accounting for the long-range Coulomb potential. We briefly review time-dependent scattering theory and
the action of Dollard’s Coulomb Mgller wave operators. We apply the theory to low-energy « + « scattering,
and preliminary results show excellent agreement with FRESCO. We highlight the potential of the method to
resolve contributions to scattering from different mechanisms, such as resonances.

1 Introduction

Nuclear collisions have many applications in nuclear sci-
ence, from understanding the complex many-body inter-
actions of nuclei and synthesising new elements, to pro-
ducing medical isotopes and zero-carbon electricity. Few-
body models, such as coupled channels (CC) [1], have
been very successful for modelling reactions with small
numbers of degrees of freedom, while naturally including
tunnelling. Within the coupled-channels framework, fu-
sion has been modelled phenomenologically using an ab-
sorbing potential or an incoming-wave boundary condition
to remove flux that has penetrated the internuclear poten-
tial barrier or the fusion barrier. There is, therefore, no
explicit description of the processes that lead to the dissi-
pation of the kinetic energy of the collision into internal
degrees of freedom, nor when and where they begin.

Recent experiments from Cook et al. [2] for the
scattering of *°Ca + 2%*Pb have demonstrated that multi-
nucleon transfers start occurring at much larger distances
than previously understood (extending outside the barrier)
and can result in many nuclide pairs with high excitation
energies (up to 40 MeV). How this affects fusion is not
well understood. These experimental results pose a further
challenge to our models of fusion, which already struggle
to consistently describe both few-body and fusion reac-
tions over wide ranges of energies [3, 4].

A key distinguishing feature of fusion is that its
timescale is much larger than that of elastic scattering and
other direct reaction processes. Hence, as an alternative
to absorbing boundary conditions, Webber [5] simulated
fusion by introducing couplings to multiple reaction chan-
nels within the fusion barrier. This caused temporary trap-
ping of flux due to resonances, in the form of quasi-bound
states of the potential, that were sufficiently long-lived to
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be associated with a compound nucleus. Webber’s anal-
ysis, using the time-dependent coupled channels (TDCC)
framework to estimate wave packet barrier transmission,
showed promise. However, further work is needed to cal-
culate the energy-resolved scattering S -matrix and obtain
reaction observables. In general, time-dependent analysis
of quantum collisions can enable us to resolve the contri-
butions to scattering from different reaction mechanisms
that have different timescales. This feature may not only
allow deeper study of the mechanisms involved in nuclear
collisions but also the calculation of fusion cross-sections
using models such as the one explored by Webber.

The S -matrix can be calculated using the wave packet
time-correlation function method, as introduced by Tannor
and Weeks [6] and applied to quantum chemistry prob-
lems. Whilst a prior application of the approach to nuclear
problems [7] showed promise, it required a curation proce-
dure to fix the resultant phase shifts and extrapolate to low
energies. The work presented here is based on Ref. [8],
which formally extends the use of the wave packet time-
correlation function method to cases where a long-range
Coulomb potential is present. Our aim is to develop a ro-
bust framework for applying the time-dependent coupled
channel (TDCC) method to solve the scattering problem.
In addition to this, Ref. [8] discusses how the dynamics
of different reaction mechanisms may be inferred through
the time-correlation function C(¢), which is a Fourier-like
transform of the energy-resolved S-matrix S(E). Subse-
quently, the analysis of C(), independent of how S (E) is
calculated (including static methods), may allow us to ex-
tract fusion observables by separating the contribution of
long-lived resonant states from other mechanisms.

We begin by reviewing time-dependent wave packet
scattering theory in Sec. 2, followed by the theorem to en-
able the use of this approach when the Coulomb potential
is included in Sec. 3. Then in Sec. 4.2 we illustrate the
application of the method for low-energy a + « scattering,
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chosen due to the presence of a low-energy 2* resonance.
For simplicity, only the single-channel case is presented
here; the results are easily generalisable to multi-channel
scattering [9]. Numerical methods and applications are
discussed in Sec. 4, and we summarise in Sec. 5.

2 Time-dependent Scattering Theory

We first give a brief overview of time-dependent scatter-
ing theory. For simplicity, we consider the case of spin-
less and structureless particles. The Hamiltonian H of a
quantum system described by a time-independent poten-
tial V(r) can be written as H = Hy + V(r), r € R?, where
Hy = —h*A/(2m) is the Hamiltonian for a free particle of
mass m. H acts in the Hilbert space H = L*(R?).
Free-particle (generalised) eigenstates [V "ee) solve
the time-independent free Schrodinger equation (Hy —
E)|¥Y free) 0, and scattering eigenstates of the system

IWE=) solve (H — E) [¥%) = 0 in the distributional sense.
In both cases, E = h?*|k[*/(2m) is the free-particle en-
ergy, k labels the asymptotic momentum. Here, [¥%%
are the two linearly independent solutions of the relevant
Lippmann-Schwinger equations, defined such that, + and
— labels correspond to asymptotic boundary conditions of
incoming and outgoing spherical waves, respectively [10].
Mgller wave operators (provided they exist) map the
free eigenstates to the scattering eigenstates. For asymp-
totically decaying potentials V(r) — 0 as [r] — oo, that
decay sufficiently quickly [11] (which does not include the
Coulomb potential), standard Mgller operators QF exist.
That is, Q* : P, (H)H — P, (H)YH = R, and can be
defined as
O = s-lim eth/he—iHot/h’ (1)

t—+00

where P,.(H) is the projection operator onto the ab-
solutely continuous spectral subspace of H, and R =
span({|‘I—’bC " for asymptotically complete theories. In the
single-channel case P,.(H)) is the identity 14, on H.

To understand the role of Mgller operators, suppose
that the physical state e /"y, for iy € R (at some finite
t = 0) describes the scattering process. Then, for asymp-
totically convergent theories, it will uniquely map to states
W/’ € H described by free evolution e~/ such that
Yo = Q*y//I. Here labels final (f) and initial (i) corre-
sponds to + and —, respectively. Hence, the scattering op-
erator S, or the S -matrix, can be defined as § = (Q*)TQ".

The S -matrix in the momentum representation is given
by the overlap:

<‘P]s(ca-:'lpscat> = < freel(Q-'—)}LQ |lPtree> (2)
=¥ free|S|\IJfree> = S(k,3 k)é(E -F )

where S (K’,K) is a scalar-valued function, and the first
equality is a consequence of asymptotic convergence and
the intertwining property of wave operators HQ* = Q*H,.

For spherically symmetric potentials V(r) = V(r), r =
[r|, with only two interacting particles in the system, the
scattering problem can be reduced to a one-dimensional
radial problem using partial wave analysis. Then, the
Hilbert space can be decomposed as H = @;0:0 H,,

where H, are the partial wave Hilbert spaces [12]. The
partial wave Hamiltonian is H; = Ho +h26(€ + 1)/ Qur?) +
V(r) = Hj + V(r), where u = mymy/(my + my) is the re-
duced mass in the centre of mass frame of the two par-
ticles with masses m; and m,. This condition also im-
plies the existence of simultaneous energy and orbital an-
gular momentum eigenstates |‘Pl§;§t’€>, k = |K|, which solve

(H,—E) I‘I’mlt ) = 0 and we can impose the orthonormality
condition (\Pk [|‘P t’) = 6(k —k’). Then, the full scatter-

ﬂcat
ing solution [¥:%) in coordinate space can be expanded in
the basis of radial wave functions as [13]:

scat,

wt;o- Z Z YPEY R (I ). (3)

(=0 m=—(
The partial wave S-matrix in the energy representa-

B+
tion (energy-resolved) will be given by <\P€cal [| seat, o) =

S¢«(E)O(E — E"), where I‘I‘Sw’[) are generalised scatter-
ing energy eigenstates of H,. The wave packet time-
correlation function formulation to calculate the energy-
resolved S-matrix was introduced by Tannor and Weeks
[6] (see also Viswanathan et al. [14]) in quantum chem-
istry. Using this formalism [6, 15], we can write

n2k Qnh)~!

Se(E)=— T i
H <\Pfree(’|l’b > <leree|¢(>
« f dr (1@ e IOy |yiy e (4)
where I‘I‘tree ,) solve (HY - E) |‘I’free ) =0,and Qf : H; -

Py.(H;)H are partial wave Mgller operators [12], such
that, Q* = P, ,QF. State vectors |z//§/ " e L? are the
final and initial wave packets, respectively, described by
free evolution (defined in the {I‘I’free )} basis). These wave
packets can be arbitrarily constructed for analytical and
numerical convenience [6]. Furthermore, in the above, we
can identify the wave packet time-correlation function

Ce() = WIIQD e M7y . (5)
We will revisit this object in Sec. 4.3.

3 Moller Operators & the Coulomb
Potential

Now, suppose that the scattering system is described
purely by the Coulomb potential Vo(r) = ahficZ,Z,/r,
where « is the fine structure constant and Z;,Z, are the
charge numbers of the particles. Then, in contrast to
the discussions in Sec. 2, V¢(r) is a long-range potential,
and consequently standard Mgller operators in Eq. (1) do
not exist. Dollard [10] proved the existence of modified
(Coulomb) Mgller operators, given by

Q iHt/h e—iHot/h—iA(T)’ 6)

= s-lime

t—+o0

akK

where A(f) is a time-dependent anomalous operator de-
fined in Ref. [10]. The inclusion of this term ac-
counts for the long-range effects of the Coulomb poten-
tial, which causes logarithmic phase distortion in the coor-
dinate space scattering eigenfunctions relative to the free-
particle eigenfunctions. Note that these are also the correct
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Mgller operators for the theory if other short-range poten-
tials, as defined in Sec. 2, are additionally included [16].

It should be evident from Eq. (4) that, to use the for-
malism, the action of Mgller operators needs to be un-
derstood. In quantum chemistry applications, where only
short-range potentials are present, Zhang and collabora-
tors [17], and Viswanathan et al. [14] were able to omit
the application of Mgller operators by localising the ini-
tial and final wave packets in the asymptotic region of the
short-range potentials (where |V(r)] — 0) as the Mgller
operators act as the identity.

When the Coulomb potential is present QF does not
act as the identity on the wave packets, even if they are
localised in the asymptotic region. Therefore, the ap-
plication of Qf can never be omitted. Kroger and col-
laborators [18] numerically (and approximately) applied
the Coulomb Mgller operators directly in the momentum
space to wave packets in the interaction region and ob-
tained the wave packet to wave packet S-matrix (not us-
ing the formalism in Eq. (4)). We initially applied them
using time propagation in position space, but found it im-
practical because of the slow rate of convergence when
the Coulomb interaction is strong (i.e., for the collision of
heavy nuclei at near-barrier energies).

Therefore, to use the formalism in Eq. (4) efficiently
and accurately, we found that QF can be applied analyti-
cally when the wave packets are localised in the asymp-
totic region of the short-range potentials present. This
can be derived by relating the time-dependent action of
Mgller operators to their time-independent action as in-
tegral transforms, see Marchesin and O’Carroll [16] (see
also Green and Lanford [19]) and the references therein.

Theorem 1. Consider a system described by the Hamil-
tonian H = Hj + V(r) + Vc(r), where V(r) and Vc(r) are
short-range and the Coulomb potentials, respectively. We
can then define purely incoming initial /() = (rl}) and
outgoing final ‘l’g (r) free wave packets, that are localised
in the asymptotic region of the short-range potentials (de-
fined to be the region where |V(r)| — 0) as

f/’(r)—\/7 f dk x 7 (DL (). Q)

Here, W§ . (1) = ®f (r)+®}7, (1), +/- label the outgo-
ing/incoming waves and correspond to labels f/i, respec-
tively. Then, if the spatial range within which Coulomb

Mgller operators QC , act is asymptotic, i.e., the wave

packets ¥ (r) = (chd/?/ ")(r) resulting from the action of
respective Qié , Temain within the asymptotic region of the
short-range potentials, then their action will be given by
the integral transforms [9, 16]:

+ 2 a i Fi +
s =2 [ awerttestze, @

Ck Ck,
where ‘I’Sw, () = (Dsm;(r) + (Dscat (r) are the regular scat-

tering eigenfunctions of H = H £+ Ve(r), and 6C(k) is the
Coulomb phase shift [13].

Based on the partial wave expansion in Eq. (3), in ex-
plicit form, W* (r) = =kxhf(kx)/(2i) and WI5(r) =
+H; (kx)/(21) where hi(kx) and H} (kx) are the outgo-
ing and incoming spherical Hankel and Coulomb Hankel
functions, respectively [13]. The Sommerfeld parameter
n(k) characterises the strength of the Coulomb interaction.

Remark 1.1. Contrary to the intuitive understanding in
the case of repulsive potentials, the action (Q¢ zﬁf /i () re-
sults in lﬁ}t(r) that are closer to the scattering centre, rela-

tive to the position of 1,0? / i(r). This behaviour arises due to
the anomalous term e~4® in QF (cf. Eq. (6)).

Remark 1.2. The method in Theorem 1 allows us to pre-
cisely define the momentum space (and hence energy) dis-
tribution of the free wave packets, which is the range over
which S ¢(E) can be numerically determined. However, in
general, one may not have the ability to define the position
of the scattering wave packets precisely (see Remark 1.1).

Remark 1.3. One can also choose to arbitrarily define
the scattering wave packets ¢ (r) instead and use the in-
version of Theorem 1 to compute the momentum space
dlstrlbutlon of the associated free wave packets )(f i (k) =

(X frec. flzﬂf i ). This allows precise spatial positioning of

Y7 (r); however, the energy distribution of 7 (r) will be de-

termined by the calculated Xf /i ‘(k). Both approaches give

numerically equivalent results [8].

Further details and multi-channel generalisation of the
theorem and other concepts will be presented in the forth-
coming Ref. [9].

4 Numerical Applications

We now discuss our methods for numerically solving
Eq. (4) and its application to the case of @ + « scattering.

4.1 Methods

To apply the formulation in Eq. (4), the initial scattering
wave packet Iglré) needs to be propagated in time. The
propagation was performed in the position space 7, (r) =
(rlQ; ;) using the Chebyshev polynomial method [20],
in time steps of ¢;. The time-correlation function C(¢)
from Eq. (5) was then calculated by taking its overlap with
the final scattering wave packet /7 (r) at every time step,
where 0, was appropriately chosen to resolve C(t) well,
which is oscillatory in general.

A complex absorbing potential was used at the large
r edge of the spatial grid, past where i (r) is situated, to
absorb the outward-propagating wave packet (after scatter-
ing) and prevent reflections that would otherwise interfere
with the calculation. The calculation of C(¢) can be ter-
minated when |(e=#/"y)(r)| < €, for some small enough
€ (taken to be 10~ here). This allows the calculation to
run for a sufficiently long time, ensuring that all parts of
the propagating wave packet have reached the asymptotic
region, which is particularly important when the potential
used supports resonances.
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The momentum space wave function of the free wave
packet was taken to be a complex Gaussian of the form

X{/i(k) -2 0'/% ﬂ)71/4 ef[(kfko)2/(2(rk)2ii(k7k0)ro]’ )

where ko, 79 > 0 define the central momentum and posi-
tion of the free wave packets, respectively, and o con-
trols the momentum space width. Labels f/i on the pa-
rameters (o, ko, o) are taken implicitly on the RHS. As
only the single-channel case is shown here, the initial
scattering wave packet i, (r) was calculated and the fi-
nal scattering wave packet was conveniently taken to be
Yy (r) = (Y;(r))", to maximise the overlap in momentum
space [6, 14], and thus range of S /(E).

4.2 Low energy « + a scattering

The case of low-energy @ + « scattering with £ = 2 was
taken as an example, as it exhibits a well-known and well-
defined low-energy resonance. The potential (of Woods-
Saxon plus charged sphere Coulomb) was taken from Ref.
[21]. The parameters for the free wave packets were taken
to be (o, ko, o) = (0.0417 fm™",0.536 fm™~', 880 fm). The
ko used corresponds to the known resonance energy. oy
was taken such that the wave packets are sufficiently nar-
row in momentum space to allow I)({/ '(0)] = 0. The large
value of ry allows numerical calculation of Coulomb wave
functions (which depend on kx) over the spatial range sup-
ported by the wave packets. A high spatial resolution of
1072 fm was used to resolve the wave packet well and
minimise errors in time propagation (performed in steps
of §; = 1 fm/c).

The calculated S-matrix, S/(E) = ¢¥%®) is shown
across Figs. 1a and 1c, along with equivalent calculations
made using the static solver FRESCO [22]. The magnitude
of the S-matrix agrees with unity to the level of ~ 1078
within the energy range E(ky + 30) of the wave packet
centre and within ~ 10~ for E(ky + 607). The absolute dif-
ference in the nuclear phase shift 62\' =0,— 65 with respect
to FRESCO is within ~ 1077 — 107> in this range. This
demonstrates that the theoretical and numerical framework
described above works well and allows the utilisation of
essentially the entire range of energies supported by the
wave packets to calculate S /(E).

The corresponding time-correlation function C,(¢) has
been shown in Figs. le and 1f. We can identify three
distinct regions in time. (i) The initial scattering wave
packet propagates into the interaction region and reflects
back (outwards) to the asymptotic region after scattering,
before overlapping with the final scattering wave packet
(Ce(t) =~ 0). (i) The outward-propagating wave packet
then overlaps (C¢(f) > 0), initially forming a large peak
from components that were reflected quickly. The latter
contribution decays and (iii) is taken over by the exponen-
tially decaying contribution from components temporarily
trapped in the potential, which tunnel out of the barrier
over time. In general, the larger the lifetime of the quasi-
bound states formed, the more delayed the contribution
from (iii) will be, resulting in a more prominent separa-
tion between the fast and slow mechanisms involved in the
scattering. Further discussions can be found in Ref. [8].

Note that the feature appearing beyond region (iii) in
Fig. 1f (at t ~ 6.8 x 10* fm/c) may be attributed to reflec-
tions from the large r end of the spatial grid that have not
been fully absorbed by the complex potential [8]. Such re-
flections of parts of the outward-propagating wave packet
can cause them to re-scatter, increasing the noise in the
results, particularly around resonance energies when the
long-term decay of C,(?) is affected (cf. Fig. 1d).

4.3 The time-correlation function

Though we have not discussed it in great detail here, the
time correlation function C,(¢) can resolve different mech-
anisms (such as resonances) involved in scattering in time,
and thus can be a useful object in separating the contribu-
tion from these mechanisms to the S-matrix. This object
shows promise to be helpful in (i) interpreting the dynam-
ics of the reaction and (ii) helping extract fusion observ-
ables using the model described in Sec. 1. While prelim-
inary investigations were performed in Ref. [8], further
work is required to determine the efficacy of this approach,
and is aimed to be presented in a future publication.

Further, though here we have calculated the S -matrix
by solving the time-dependent Schrodinger equation, we
note that inverse mapping from the S -matrix to the time-
correlation function is also possible:

(Zn'h)’l 0
al(E) J_o

S/E) = dr Cp(p)e't" (10a)

= Cif) = f dE a((E)S ((E)e E1h (10b)
0

where a,(E) describes the energy distribution of the wave
packets. In principle, the time-correlation function may
also be obtained from any calculation of S /(E), allowing
a time-domain analysis of any system where static calcu-
lations are accessible. This could open a wide range of
possibilities for studying the time dependence of few-body
reactions using conventional static methods and solvers.

5 Summary

In summary, this work formally extends the application
of the time-dependent wave packet approach to obtain
the S-matrix using the time-correlation function to nu-
clear physics, where the Coulomb potential must be prop-
erly accounted for. The example of @ + a scattering
was shown; results for elastic scattering of 160+208pp and
160+154Sm can be found in Ref. [8], where similar accu-
racy was attained. This provides an accessible and accu-
rate approach to solving time-dependent coupled channels
(TDCC) problems. Furthermore, we highlight the useful-
ness of the time-correlation in resolving the time depen-
dence of mechanisms involved in scattering and their con-
tribution to the S -matrix.

In addition to the single-channel case, the forthcoming
Ref. [9] will provide numerical examples for the multi-
channel case to firmly establish the key concepts of the
method. In future work, we will investigate the efficacy
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Figure 1: (a) The magnitude of the S-matrix |S,(E)|, and (c) the nuclear phase shift 6]2\’ (E) for low-energy scattering of
two « particles as described in Sec. 4.2. (b) and (d) show respective errors for the magnitude of the S-matrix (compared
to unity) and phase shift (compared to FRESCO, denoted A’z\' (E)). In (a)—(d), dotted vertical lines mark E(ky) and the
progressively shaded regions show E(ky + noy) for up to n = 6. The real part of the corresponding time-correlation
function C,(t) is shown in (e), along with the magnitude, also given on a log scale in (f). In (e) and (f), the approximately

shaded regions in time are described in Sec. 4.2. Calculation of C,(#) was terminated when condition in Sec. 4.1 was met.

of the fusion model introduced in Sec. 1, using the time-
correlation function to obtain fusion observables. Since
this may require a large number of channels, using TDCC
may also offer computational advantages over static cou-
pled channels approaches.
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