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Abstract. In this study, we develop and examine a fractional-order epidemic model involving
two strains, while taking into account treatment strategies and generalized incidence rates. The
transmission dynamics of the two strains are described by two nonlinear incidence functions
f(S, 1)1 and h(S, I,)1, allowing the model to capture more realistic infection mechanisms
beyond the classical bilinear form. The proposed model is formulated as a system of four
Caputo fractional differential equations describing the interactions among susceptible,
infected, and recovered individuals. Initially, it is established that solutions exist, are unique,
positive and bounded. Next, the basic reproduction numbers corresponding to each strain are
computed using the next-generation matrix approach. The existence of both the disease-free
and endemic equilibrium states is analyzed, and sufficient conditions for their global stability
are established through appropriate Lyapunov functionals. Finally, numerical simulations are
performed to support the analytical results and to demonstrate the impact of the fractional-
order derivative on the system’s convergence behavior. The role of treatment strategies in
limiting the spread of the infection is also examined.

Keywords: Caputo fractional-order derivative, two-strain SIR epidemic model, general incidence
function, local and global stability, treatment.

1 Introduction

Multi-strain epidemic models are vital mathematical tools that enable the analysis and understanding of the
mechanisms governing the spread and evolution of infectious diseases caused by various mutations or
variants. Many pathogens, including tuberculosis [1], human immunodeficiency virus HIV [2-6], COVID-
19 [7-10], hepatitis B infection (HBV) [11-13], and hepatitis C infection (HCV) [14-16], exhibit multiple
coexisting or competing strains that can significantly alter disease dynamics and control strategies [17-19].
Consequently, two or multi-strain compartmental models have been developed to better capture the
complexity of such infections and to evaluate the interplay between viral competition, reinfection, and
treatment efficiency [20-23].

Among the various compartmental frameworks, the SIR model divides the population into susceptible ( S ),
infectious ( T ) and recovered (R ) classes-remain particularly useful for diseases with direct transmission,
especially when the latent period can be neglected or approximated. For models involving multiple strains,
the infected class is partitioned into several compartments, each associated with a specific strain, resulting in
the SI,I,R structure used in this work. The SIR model, originally developed by Kermack and McKendrick
in 1927 [24], constitutes a cornerstone framework for the assessment of key epidemiological indicators,
notably the basic reproduction number R, the peak prevalence of infection, and herd immunity thresholds.
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Since then, numerous extensions have been proposed to incorporate multiple strains, age structures,
vaccination strategies, and optimal control interventions [25-29]. Multi strain epidemic models have received
considerable attention due to their ability to describe the coexistence and competition between different
pathogen variants.

A key component of epidemic modeling is the incidence function, which governs how susceptible

individuals become infected. The classical bilinear incidence SSI is widely used in epidemiological models
[30]; however, it may fail to capture nonlinear transmission mechanisms, saturation effects, or behavioral
changes occurring during disease outbreaks. To overcome these limitations, several authors have introduced
more general nonlinear incidence functions that better describe realistic transmission processes. In this work,
we consider a general incidence formulation for both strains, represented by the functions f (S, I;)I; and
h(S,1,)I,. This general framework allows the model to include a wide range of transmission mechanisms,
such as saturated, Holling-type, or Beddington-DeAngelis incidence functions. Most existing epidemic
models are formulated using classical integer-order differential equations. Although these models
successfully describe the average dynamics of infectious diseases, they may not adequately capture memory
effects, hereditary properties, or delayed responses that are often present in biological systems. To address
these limitations, fractional order derivatives have been increasingly used in epidemiological modeling. In
particular, the Caputo fractional derivative allows the incorporation of memory effects into the system
dynamics, providing a more realistic description of disease transmission processes [31-36].
Motivated by these considerations, the present work proposes and analyzes a fractional order SI,I,R
epidemic model with treatment and general incidence functions for both strains. The model incorporates
memory effects through Caputo fractional derivatives and allows for nonlinear transmission dynamics. We
derive conditions for the existence, positivity, and boundedness of solutions. Furthermore, the basic
reproduction numbers associated with each strain are computed using the next-generation matrix method.
The existence of the disease-free and endemic equilibria is established, and their global stability is
investigated by constructing appropriate Lyapunov functionals. Numerical simulations are performed to
support the analytical results. Furthermore, they assess how the fractional-order derivative affects the
convergence of solutions to equilibrium. In addition, the effect of treatment strategies on reducing the number
of infected individuals is examined. To the best of our knowledge, this is one of the first studies that
simultaneously incorporates fractional-order dynamics, general nonlinear incidence functions, and treatment
effects within a two-strain epidemic modeling framework. More recently, several works have addressed
fractional modeling of viral infections and biological systems using advanced analytical and numerical
approaches [37-40].

Accordingly, the following system of fractional differential equations formalizes the dynamics of the
proposed model:

{CDgS(t) =2— A —u)f(S 1Dl — (A —up)h(S, L), — s,
{ CDEL() = (1 —u)f(S, 1)L — (o + W,

| DEL () = (1 —up)h(S, 1)1, — (0, + Wy,

| ¢DER(E) = 041, + 0,1, — uR.

M)

with initial conditions
§5020,1,0=20,1,=0,R, = 0.

Here, §(t) denotes the susceptible population, T; (t) and T,(t) the infectious classes, and R(t) the removed
class. The parameter A represents the recruitment rate, u the natural mortality, g, and g, the recovery rates.
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The general incidence functions f(S, ;) and h(S, I,) describe the transmission dynamics of each strain and
satisfy standard biological conditions:
(Hl)flh € Cl(R?H R+), Wlth f(Ol Il) = h(Ol 12) = Ol Vlll 12 2 0,
0 oh
(Hz)é(& L) = 0,%(5, ) =0,vs >0,vI;,[, >0

F) oh
(H3)—f(5, L) <0,—(S,1,) <0,¥S > 0,1,,1, = 0.
a1, al,

All the model (1) parameters are given in Fig. 1

Fig. 1. Flowchart of the fractional model with general incidence functions.
2 Preliminary results

Definition 1. Let 1: [0, ) — R be a differentiable function and 0 < a < 1. The Caputo derivative of
fractional order « is defined as

L(s)
rl-a)l, (t—s)°

cDEY(t) = ds,t >0

Definition 2 (Mittag-Leffler function). For a > 0, the Mittag-Leffler function of parameter « is defined by

Ea(s) = Z T(ak + 1)
k=0
Let f: R™ — R™ where n > 0. We consider the following fractional-order system:
D*X(t) =f(X(t),0<a<1.

with X(0) = X,, X, € R" and 0 < ¢ < 1. To demonstrate the global stability of solutions of system (2) we
will need the following lemma:

Lemma 1. If the function f satisfies the two following conditions:

1. f(X)and z—;(X) are continuous on R™.

2. IfXI < g4 + q;11X] for all X € R", with g, and g, are two positive constants.
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Then, system (2) admits a unique solution defined in R’;.
3 Existence, positivity and boundedness

In this section, we prove that the solutions of the proposed fractional SI, I, R model remain positive and
bounded for all ¢ > 0. For biological relevance, we consider non-negative initial conditions: S(0) =
S0, 1:(0) = I o, I,(0) = I, 4,R(0) = R, with all components in R,. The results are summarized in the
following proposition.

Proposition 1. For any non-negative initial conditions, the fractional system: ¢DgX(t) = F(X(t)),0 < a <
1, admits a unique global solution which remains positive and bounded on [0, o).

Proof. We rewrite system (1) in compact vector form:

S A=A =u)f(S 1L — (A —uy)h(S, L), —uS
_| h _ A —u)f S, 1L — (o, + W1,
XO =\, Fo= (1 = u)h(S, L)L, — (o, + ),
R o1, + 0,1, — uR

Since f, h € C1(R%), the function F is locally Lipschitz on R%. By standard results on Caputo fractional
differential equations, problem

‘DEX(t) = F(X(®),  X(0) =X,

admits a unique local solution.
We now prove the positivity of the model solutions. First, we assume that all model parameters are
positive; hence, we have

(°DESls—o =2>0

I t S=0 )

4 CDg11|11=0 =1 —u)f(S 1)L — (0, +wW)0 =0,

| ‘Dilyl,—0 = (1 —uxdh(S, ), — (6 ,+ w0 =0,
kCDgRleo = 0'111 + 0'212 = 0

Thus, trajectories starting in R% remain in R%.
Finally, we prove that the solutions are bounded. Let the total population

N(t) =S(t)+ 1,(t) + I,(t) + R(D).
Summing the four equations yields

DAN(t) = A — uNV (¢).

This linear Caputo equation has solution N(t) = % + (N(O) - %) E,(—ut?), where E,(*)

denotes the Mittag-Leffler function. Since 0 < E,(—ut?®) < 1 forall t > 0, we obtain
A
0 < N(t) < max {N(O), l_l}

Thus, the biologically feasible region
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2
H = {(S,Il,IZ,R) ER:S+L+L+R s;}

is positively invariant. Therefore, X (t) remains bounded for all t > 0.
The Lipschitz continuity of F together with invariance of ' ensures global uniqueness of the solution.

4 The steady states

This subsection establishes the existence of the disease-free equilibrium and the endemic equilibria of the
fractional model. Since the equation for R depends only on I;,1, and R and does not influence the first
three equations, the steady states can be determined from the subsystem satisfied by ( S, I;,1, ). Thus,
system (1) reduces to

D1 (=(-upf(SIDI1—(o1+WI1,
DES()=A-(1-up)f (5,11 ~(1-uh(S 1), ®3)
CD 1, (6)=(1-u)h(S,1)— (g + W]y,

with the recovered population given by: R(t) = N(t) — S(t) — I, (t) — I,(t), where V'(t) satisfies the
scalar fractional equation DN (t) = 1 — uN (t).

4.1 The basic reproduction number

The basic reproduction number represents the average number of secondary infections produced by a
typical infected individual introduced into a fully susceptible population. To compute it, we use the next-
generation matrix approach. Let F denote the matrix of new infection terms and V' the matrix describing
transition terms among infected compartments for the reduced system (3).

Evaluated at the disease-free equilibrium &, = (% 0,0), the matrices F and V for the infected variables (

I;,1,) are
F_I/(l_wl)fG'O) 0 \I V_<01+y 0 )
_\ . (1_W2)h<i,0>/' - 0 o, +u)
Thus
(a-wr(Go) o)
1| + |
FV 1_|\ o THU (1_u2)h(%,0)/|.
0 (o2 + 1)

The basic reproduction number is the spectral radius of the matrix FV =1, hence

RO = maX{RO‘l, Ro‘z},
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where

CA-uf (l%,o) _A-uh (%,0)

01— »fY0,2

o, +Uu o, +u

R, 1 and R, , denote the basic reproduction numbers of the first and second strains, respectively.

Theorem 2. The system (3) has a unique disease-free equilibrium & and three endemic equilibria under the
following conditions:

e The strain 1 endemic equilibrium &, exists if and only if R, ; > 1.

e The strain 2 endemic equilibrium ¢, exists if and only if Ry, > 1.

e The coexistence equilibrium &, exists when both Ry, > 1 and Ry, > 1.

Proof. We determine stationary states by solving

(0=2—Q—u)f(S 1)) — (1 —ux)h(S, )], — us,
{ 0=_>1—w)fS 1D — (o + Wi,

0= (1 —uh(S, L), — (o, + Wi,
kO = 0.1, + 0,1, — UR.

1. Disease-free equilibrium. Setting I; = I, = 0 gives & = (ﬁ 0,0,0).
2. Strain-1 endemic equilibrium. Assume I; > 0 and I, = 0. From the second equation of (4) we get
A —u)f(S, L) =0, + .

From the first equation we have

A—uS

A—uS = (o, + W1, hence I; = P
1

Define the function W: [0, ) — R by

A S
w(s):= (1 —u)f (S5=5) - (o + ).

g, t+u

We compute its derivative with respectto S :

aw(s) af af aw(l,)
a5 = 1Q=mwu) [ﬁ S, L(S)+ 6_11(5’ IS - 7S ]
. _A=pSon(S) . u
with f(S)= o= e =~
Hence
av(S) of i
S =a=n) [ﬁ ($1a () = A= (1))
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By hypotheses ( H2 ) and ( H3 ) we have Z—'; > 0 and STf < 0, hence each term in square brackets is
1

nonnegative and therefore

W(S)
as

>0 forallS=>0

Moreover, ¥(0) = (1 — uy)p (0, A ) =(o,+u)=—(o,+u) <0

o1+u
d 1
and, lp(;) =1 =n)f (;,o) = (0, +w) = (0, + W)(Ro = 1).
Therefore, if R, ,, > 1 then ¥ (ﬁ) > 0. Since W is continuous and nondecreasing. there exists a unique S; €

[O, ﬂ such that W(S;) = 0. This gives the unique strain-1 endemic equilibrium

. = , A—uSt 001(/1—#51*)
51 Vo +pu’ " ulo+w

with, S; € [Oﬂ and I; > 0.

3. Strain-2 endemic equilibrium. If I, > 0 and I; = 0, then from the third equation
(1 —ux)h(S, 1) =0, + 1

A—us
Moreover, [, = ==
oyt+U

Define the function: ®(S) = (1 = p,)g (S, ”'S) = (o, + ).

ox+u
We have, ®(0) = —(a, + p) < 0, and & (%) = (0, + 1) (Rpy — 1).
Thus, if R, > 1, there exists a unique S, € (0,4/u) such that ®(S,) = 0.

Hence the strain-2 endemic equilibrium exists.
4. Coexistence equilibrium. If I, > 0 and I, > 0, then

A-u)df(S ) =0 +uA =u)h(S,L)=0,+u
Substituting into the first equation yields
(o1 + Wi + (o, + W1 = A = pS.
A positive coexistence equilibrium exists if and only if
Ry, > 1and Ry, > 1.

4.2 Global stability of equilibria

4.2.1 Global stability analysis of the disease-free equilibrium

Theorem 3. If Ry ; < 1, then the disease-free equilibrium & with is globally asymptotically stable.

Proof. We perform the proof by constructing a suitable Lyapunov function. Introduce the Lyapunov as
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S £(s°,0)
so f(X,0)

Po(S, 1, I,) =8 —8° — dX +1, +1
1 2

The integral is well defined by hypothesis (H1) — (H3) and f(-,0) > 0 for S > 0.
Using properties of the Caputo derivative and differentiating along solutions of the SI, I, R system yields

cpna _ca_f(so'o)ca cpna cpna
DEPy = DS = F oo CDES + “DEL + “DET,
=(1 ! (50'0)) (A= (1 = w11 — (1 u)BSI, — S)
f(s,0) ' 2

+(1 —u)f (S, 1)L — (o3 + Wi + (1 —uy)BSI, — (0, + Wi,

After regrouping terms and using S° = ﬁwe obtain

Dy =us° (1 _i) <1 _f(SO,O))

S0 f(S,0)
(S, 1)
+1 {(1 —uy) £(5,0) f(8°,0) = (o, +u)}
+1, {(1 - uZ)‘[ng BS° — (o, +.U)}

Using the definitions of the reproduction numbers at the DFE,

(1 —uy)f(S°0) R = (1 —u,)BS°

Ryy =——2—" 2 Ry, =
! ot T ot

we can bound the last two terms to obtain

Cp@py<hS® (1 - i) <1 _ f(‘s_oo))

S0 f(s,0)
S, 1
I (ROI]]Z((S (;))_ 1) (o + 1)
S

+1; (Ro,z 5_0 - 1) (o, + 1)

We now analyze two cases.
Case 1: S < S°. By (H2) and (H3) we have f((s ) g and — < 1. Hence

S,
I <R0,1M - 1) (o +1) < 11(R0,1 —1)(0y + ),

f(s,0)
and
S
I (Ro,z S0~ 1) (02 + 1) < L (R, — 1) (0, + ).
Moreover, since S < S° one has 1 — — > 0 and by monotonicity of f the factor 1 — ff((s (;) <0, hence the
product
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(-5 g)

Therefore, if Ry ; < 1and Ry, < 1, each term is nonpositive and
‘DEP, < 0.

Case 2: S > S°. By (H2) we have f(( ) >1 and 5> 1, while ff((s )) < 1, so the first term is again < 0.

Using Ry, < land Ry, <1 we obtaln

( f('s'll)

S
1| Roa £(S,0) - 1) (o, +w) <0,1, (Ro,zs_o_ 1) (o +w) <0,

hence again °D2P, < 0.
Thus, in both cases, provided Ry, < 1 and R,, < 1, we have

DEP(S,11,1,) <0,

and equality holds only at the €. By the direct Lyapunov method for Caputo fractional systems, this
implies that &, is globally asymptotically stable.

4.2.2 Global stability analysis of the strain 1 endemic state

We assume that the incidence function f satisfies the structural condition used to establish the global
stability of &,

(1 (s, 1,) )(f(S T1+aa) L

fTE)N fG ) T

Theorem 4. If Ry, < 1 < R, ,, then the strain-1 endemic equilibrium &, is globally asymptotically stable.

)<0v511>0

Proof. Consider the strain- 1 endemic equilibrium € = (Sl*, Iis,,0, R;l), which satisfies the equilibrium
relations

(A —w)f(SiI5s,) = 01 + 1A = uS; + (1 —u)f (S5, 115, )i,
We introduce the Lyapunov functional
S f(S1.1s,)
———~dX
ST f(X'Il,sl)

in (o) s+
s\ nI 2 -
1,51 1,51

?1(5,11,12,%) =;S‘_;S‘:i_‘< -

Computing its Caputo derivative and after inserting (6) and simplifying, we obtain
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(xﬂﬁv

f(s.Ls,)

o+ 01, — (o + 0 (122

_O_mvwﬂﬂ«qﬁ (&Aﬁv
Lo f(Shs,)

—uR + L((1 — u)BS — p)

CD;"?lzli(Sf ) <

We now reorganize the nonlinear terms in I,. Write
(01 + W5, = (1= u)f (51,115, ) s,

Using this identity and collecting all contributions involving (1 — u,)f (S, I;)I;, we obtain the compact
factorization

1- ul)ll*,sl [£CS, 1) +0(S,1)],

where the first bracket

f(Sihis) L

£, 1) = TG0 T

is nonpositive by the monotonicity assumptions (MA-MG) on £, and the key bracket

f(8.5s)  fSL) L L

(s, 1) = e
! f(S, 11 f(fs 1151)1151 1131

By the arithmetic-geometric inequality (AGM),
0(s, 1) <0.

Hence all nonlinear terms involving I, are nonpositive.
For the I,-component, using again MA-MG and the condition R, , < 1, one obtains

f(si hﬁ5<u

12((1 —u)BS — ,u) ~ (- w)pSh, <1 - f(S 1151)

Finally, the term —uR is nonpositive.
Collecting all contributions in (7), we conclude

Equality holds only when I, = 0,R = %11 and the brackets ¢(S, ;) = 0,0(S, I;) = 0, which implies S =

S1and I; = I, . Therefore, the largest invariant set is the singleton ( &, ).

Applying LaSalle's invariance principle for Caputo fractional systems, the equilibrium & is globally
asymptotically stable whenever Ry, <1 <Ry ;.

10

https://doi.org/10.1051/epjconf/202636901011
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4.2.3 Global stability analysis of the strain-2 endemic equilibrium
Theorem 5. If Ry; < 1 < R ,, then the strain- 2 endemic equilibrium &, is globally asymptotically stable.

Proof. We introduce the Lyapunov function

S h(s3,15)

I I
2 _n=

?2(5,11,12,33)=S—S;— I_* I*
2 2

dX+1;( —1)+11+7e.

where (S5, 0,5, R5) denotes the endemic equilibrium associated with strain 2 . The function
P, is nonnegative and vanishes only at &g, .

The Caputo derivative along the system trajectories gives
$2
DEPy =[A— (S, 1) — h(S, L)L, —pST{1 -+
I*

+[A(S, 1)1, = (07 + L) (1 - ,—2)

2
+f(5, 11)11 — (0'1 + ,U)Il + 0'111 + 0'212 - ,UR

Using the equilibrium relations
A=uS; +h(S;, )5, (o + WI; = h(S3, )5,

we obtain after rearrangement

5*
“DEP, =u(S; — S) <1 —~ 32)

I*

N <1 _ 1‘2> (h(S, 1D — k(S5 1)I5)
2

+f(S, DL — (oy + W + 011y — uR

We now analyze each block.
(i) Effectof Ry ; < 1.

Since

_f(53,0)
17 o +u

<1

)

the infection pressure of strain 1 cannot sustain I; > 0. Hence
f(S, 1)L = (o1 + Wl + o1y = —pl; <0

(ii) Effect of Ry, > 1.

11
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) . . . o R(So,0
The basic reproduction number associated with strain 2 is Ry, = ,,( i#) > 1,
2

which guarantees the existence of a positive equilibrium I5 > 0. The equilibrium condition
(o2 + W3 = h(S3, 115

ensures that the block
I; * * *
1 _I_ (h(S,Iz)Iz _g(SZ'IZ)IZ)
2

has the classical Lyapunov form (1 - x;) (F (x)—F (x*)), which is nonpositive under the

standard monotonicity assumptions on g.
(iii) Remaining terms.

The S-term satisfies u(S;, — §) (1 - %2) <0,and —uR < 0.
Collecting all terms gives ¢DFP, < 0.
The largest invariant set contained in { ¢ D¥P, = 0} is the singleton Es,-

Therefore, by LaSalle's invariance principle for fractional-order systems, the strain-2
endemic equilibrium &g, is globally asymptotically stable.

4.2.4 Global stability of the both endemic equilibrium

Theorem 6. If Ry ; > 1 and Ry, > 1, then the coexisting endemic equilibrium &g, is globally
asymptotically stable.

Proof. We define the Lyapunov function

S * T * PR AN £
f(S* DTy + h(S*, )

P.(S, I, I, R =5—5*—f — = dX

oS, 1 1, R) s FXTOTS + (X, TT,

L L
+(—~—-Int-1
1<T11* 'L )
I I
+1;<—i—1n—i—1>
12 12

+R - R* — Rl z
nos

The Caputo derivative along the trajectories of the system is

12
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DEP. =(A — £(S, 1], — h(S, LI, — 8S) (1 )

T*
+(F(S, 1k = (o1 + D)) (1 —f)

+(h(S, 1) — (o3 + O)IL) (1 - _>

+(0111 + 0'212 - (SR) (1 - a)

Substituting the equilibrium relations
(A=085" + f(S*, T + h(S*, T5)I;
{f(S*,Tf)Tf = (oy + 0T
h(S*,T;)T; = (0, + 6)I;
0'1T1* + O'z]; =6R*

we analyze each component.
For the S component we obtain

S
(A= (S, 1], — h(S, L,)I, — 8S) (1 - ?) <o.

For the I; component

T +8)(1, — T)?
(S~ (o + 1) (1- 1) = AT DBZRT
1 1
For the I, component
T, +8) U, — })?
(h(S, L)L, — (a5 + 8)1,) <1 ——) G )1( 2~ 1) <o.
2 2

For the R component

(0,1, + 05,1 533)(1 R*)— 5(R_R*)2<
0111 T 0313 )= R =

Thus
CDEP. <0
with equality only at

(Sl Ill IZ; R) = (5*; Iik; I;; :R'*)

Therefore, by LaSalle's invariance principle for fractional-order systems, all trajectories
converge to the endemic equilibrium &g, .

13
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Hence the coexistence equilibrium is globally asymptotically stable whenever Ry ; > 1 and
Ry, > 1.

5 Numerical simulations and discussions

In this section, we will give some numerical simulations to show the effect of fractional derivative and the
treatment parameters on infection. These numerical simulations are performed using MATLAB. The first
numerical simulation was done using an algorithm presented [41]. More precisely, we use the following
numerical scheme:

ha’
u(y) =m<o‘ — D = (= a = DIF(U () + Ulto)
j=1
Ta+ z)z (G =i+ D™ =20 =D + (i = DTDFUE)

h® h®
+m? (U(tj_l)) + m? (U(tj_l))
Wheret; =t(j—1) + h,forj=0,1,.....,N — 1.

The stability behavior of the coexistence endemic equilibrium & _is investigated under two non-monotonic

incidence functions given by f(S,1;) = and h(S,1,) = B,SI,. For the numerical simulations, the

system dynamics are illustrated in Flgures [2 5] using the parameter set [42], and the different value of
treatment parameters: A = 1,8, = 8, = 0.6,a; = a, = 0.5,0;, = g, = 0.15,u = 0.2, m; = 0.14. Under
these conditions, we see the convergence towards the steady state:
(0.8982,0.5904,0.5815,0.8433,0.8309,1.2557) and we have Ry; = Ry, = 6.1224. In this case, both
basic reproduction numbers satisfy: R, > 1 and Ry, > 1, which confirms that the coexistence endemic
equilibrium E; is locally asymptotically stable. This equilibrium is characterized by the persistence of both
strains in the population, with non-zero latent and infectious compartments for each strain. These numerical
results further illustrate that the proposed generalized model captures a wide variety of well-known
incidence functions, providing a comprehensive framework for the study of stability and coexistence
dynamics in multi-strain epidemic models.

. —

Fig. 2. Population dynamics at @ = 1 for various treatment parameters values.
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Figure 2 displays the temporal dynamics of the four epidemiological compartments for the classical
derivative case « = 1, under different choices of the control functions u; and u,. The simulations
demonstrate that both infectious classes I, (t) and I,(t) reach non-zero steady states, indicating the
coexistence of the two circulating strains, while the susceptible class S(t) converges to a positive equilibrium
level. When infection recovery and the controls work together, the eliminated population R(t) also stabilizes.
The local asymptotic stability of the coexistence equilibrium E, at which both strains continue to exist in the
population, is confirmed by these numerical results. Furthermore, the impact of the controls is evident:
changing the intensities of u; and u, alters the height and timing of the peaks in I, (t) and I, (t), emphasizing
the function of the suggested intervention strategies in lowering each strain's infectious burden while
preserving the system's overall stability.

:ni*
i

=
= ] E] = C] ) & " = o aa wa = E] = - =a
Frss Tira
1

Fig. 3. Population dynamics at « = 0.9 for various treatment parameters values.

Fig.3 presents the time evolution of the four compartments in the fractional-order case a = 0.9, for various
choices of the control parameters u; and u,. In contrast to the classical case @ = 1, the use of a fractional
derivative accounts for memory effects, which reduce the speed of epidemic dynamics and result in a
smoother convergence toward equilibrium. The susceptible class S(t) and the removed class R(t) approach
steady values comparable to those obtained in the integer-order case, while the infectious classes I, (t) and
I, (t) exhibit slower decay or stabilization phases, reflecting the impact of memory effects on the ongoing
transmission dynamics. The numerical results indicate that the coexistence endemic equilibrium E; remains
locally asymptotically stable for ¢ = 0.9, and highlight that the fractional-order formulation modifies the
transient dynamics of the two-strain system without affecting the long-term persistence of both infections.
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Fig. 4. Population dynamics at « = 0.7 for various treatment parameters values.

Figure 4 depicts the dynamics of the four epidemiological compartments in the fractional-order setting a =
0.7, for various configurations of the control parameters u;, and u,. A lower fractional order enhances
memory effects, which decelerate the epidemic spread and lengthen the transient phase prior to equilibrium.
The susceptible population §(t) and the removed population R(t) stabilize at levels similar to those
observed for higher values of «, whereas the infectious classes [, (t) and I, (t) exhibit a markedly slower
approach to their steady states. The numerical findings suggest that the coexistence endemic equilibrium E,
retains its local asymptotic stability for & = 0.7, and underline the role of the fractionalorder derivative in
shaping the timing and amplitude of infection peaks, without altering the long-term persistence of the two
strains in the population.
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Fig. 5. Population dynamics at @ = 0.5 for various treatment parameters values

Fig. 5 presents the dynamics of the four epidemiological compartments for the fractional-order case a =
0.5, considering different values of the control parameters u, and u,. At this lower fractional order, the
memory effects become even more pronounced, which further slows down the evolution of the system. The
susceptible population S(t) and the removed population R(t) stabilize at levels comparable to those
obtained for higher values of a, while the infectious classes T; (t) and T, (t) require significantly more time
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to approach their steady states. This prolonged transient behavior reflects the strong influence of past states
on the current dynamics. The numerical simulations confirm that the coexistence endemic equilibrium E,
remains locally asymptotically stable when @ = 0.5 and they underline the impact of the fractional-order
derivative on the timing and intensity of the epidemic peaks, while maintaining the persistence of both strains
within the population. A comparative analysis of the system dynamics corresponding to the fractional orders
a = 1.0,0.9,0.7 and 0.5 highlights the significant role of memory effects in shaping the epidemic evolution.
As a decreases, the convergence of the infectious classes T, (t) and I, (t) toward the coexistence endemic
equilibrium E, becomes slower, reflecting an increased influence of past states on the present dynamics.
Meanwhile, the asymptotic levels of the susceptible class S(t) and the removed class R(t) remain almost
unaffected by variations in . The most notable differences arise in the transient regime: decreasing the
fractional order results in delayed and smoother infection peaks, as well as prolonged convergence times for
both infectious compartments. These findings demonstrate that the fractional-order framework captures
diverse memory-induced dynamics while maintaining the local asymptotic stability and persistence of the
two strains. Overall, this comparison highlights the key role of fractional derivatives in representing memory-
dependent epidemic processes and confirms that the control parameters u, and u, remain effective across
various dynamical regimes.

6 Conclusion

In this work, we proposed and analyzed a fractional-order two-strain epidemic model of SI;I,R type, in
which the transmission dynamics of both strains are governed by general incidence functions £ (S, I;) and
h(S,1,). The model also incorporates two constant treatment controls acting independently on each infectious
class. By formulating the system using Caputo fractional derivatives of order 0 < a < 1, memory effects
and hereditary characteristics of the epidemic process are considered, which cannot be captured by classical
integer-order models.

We first established fundamental analytical properties of the system, including the existence, uniqueness,
positivity, and boundedness of solutions. The mathematical analysis allowed us to determine the disease-free
equilibrium, the strain-specific endemic equilibria, and the coexistence equilibrium. The basic reproduction
numbers R, ; and R, , were derived using the next-generation matrix approach and were shown to play a
crucial role in determining the persistence or elimination of each strain. By constructing suitable Lyapunov
functionals and under biologically reasonable assumptions on the general incidence functions, we established
the global asymptotic stability of the equilibria under appropriate threshold conditions.

Furthermore, numerical simulations were carried out for several values of the fractional order. The results

confirmed the analytical findings and highlighted the influence of memory effects on the epidemic dynamics.
Smaller values of the fractional order a were observed to slow down the convergence of solutions toward
their equilibrium states and to delay the peak of infection, while the long-term stability properties remained
unchanged. The treatment parameters u, and u, are shown to effectively reduce the number of infected
individuals for each strain. The proposed fractional-order model offers a flexible and realistic framework for
analyzing the interaction and coexistence of multiple strains under nonlinear transmission mechanisms. By
combining general incidence functions, strain-dependent treatment controls, and memory effects, the model
enhances its descriptive capability and provides meaningful insights into the long-term behavior of multi-
strain epidemics. Future work could extend this framework by including spatial diffusion, vaccination
strategies, time varying control measures, or stochastic effects, thereby improving the understanding of
complex epidemic dynamics. Although constant control parameters are considered in this study, time
dependent control strategies may provide a more realistic description of intervention policies and will be
investigated in future work.
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