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Abstract. The red-shift z.,, which signifies the termination of the radiation-
dominated epoch and the onset of the matter-dominated era, can serve as an im-
portant diagnostic tool in reconstructing dark-energy models. In this work, we
introduce a variable equation of state for matter that enables a smooth and con-
tinuous transition from radiation domination to matter domination within a single
framework. This formulation allows estimation of z., in dark energy models and
thereby facilitates assessment of their viability. To illustrate this approach, two
one-parameter models involving minimally coupled scalar fields as dark energy are
examined. We find that, although these models successfully reproduce the desired
late-time cosmic behavior, the estimated value of z., exhibits strong sensitivity to
the parameter value in each case.

1 Introduction

Independent observational probes—including type Ia Supernovae (SN Ia) [1], Cosmic Microwave Back-
ground radiation (CMBR) [2], and Baryon Acoustic Oscillations [3]—have firmly established that
nearly 70% of the present energy density of the universe is contributed by ‘Dark Energy’. Unlike ordi-
nary matter, dark energy exerts a repulsive gravitational effect, and its dominance explains the presently
observed accelerated expansion of the universe. Consequently, a major focus of cosmological research
over the past decade has been to uncover the origin and physical nature of dark energy.

The most straightforward and natural candidate for dark energy is the Cosmological Constant A,
characterized by the equation of state wpr = —1. However, if vacuum energy is regarded as its ori-
gin, theoretical estimates overshoot observationally required values by nearly 120 orders of magnitude.
Attempts to reconcile this discrepancy include models with a varying A while retaining wpr = —1
[4]. Models featuring an evolving wpr have also been widely explored in dynamical dark energy sce-
narios. Prominent examples include scalar field constructions such as Quintessence [5] and K-essence
[6]. Despite their flexibility in accommodating evolving wpr and matching observational features,
these models do not necessarily provide decisive advantages over the A Cold-Dark-Matter (ACDM)
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model. Furthermore, generating late-time acceleration often requires extremely flat potentials, imply-
ing exceedingly small scalar field masses [7]. Nevertheless, scalar field dark energy models remain
theoretically appealing within particle physics and cannot be excluded. Other dynamical dark energy
candidates include modified matter models such as Chaplygin gas [8], as well as modified gravity theo-
ries like f(R) gravity [9], Scalar-Tensor theories [10], and Braneworld scenarios [11]. Comprehensive
reviews of dark energy may be consulted for further details [12].

In most existing studies, such models are analyzed primarily during the matter-dominated era, as-
suming dark energy drives the transition from deceleration to acceleration. This emphasis arises because
the radiation epoch was brief and confined to the early universe, whereas acceleration is a comparatively
recent phenomenon within the matter-dominated epoch. Viability is typically assessed by comparing
theoretical predictions—such as the evolution of the deceleration parameter ¢ with redshift z—against
observational data. While the transition redshift z; (marking deceleration to acceleration) is well con-
strained, observations span only a limited redshift range near z;. Consequently, models consistent
within this range may diverge substantially outside it. To discriminate among such models, an addi-
tional well-constrained event from an earlier epoch is desirable. We emphasize that a reliable estimate
of z.,—the redshift at matter—radiation equality—is available. Thus, instead of a single observational
anchor point, we obtain two widely separated constraints through which any viable g versus z trajec-
tory must pass. A model satisfying both constraints is more robust across cosmic history. However,
estimating z.q necessitates a framework containing both radiation and matter simultaneously. In earlier
work [13], we introduced a variable equation of state that reproduces radiation behavior in the early
universe and pressureless dust at later times. We also demonstrated how this approach helps select
among competing varying A models.

In the following section, we restate the proposed variable equation of state for completeness. Sub-
sequently, two scalar field models incorporating this equation of state are analyzed to illustrate the
method.

2 Radiation and matter in a single model

We consider a flat Robertson-Walker spacetime motivated by strong observational support for spatial
flatness [14]. In Friedmann cosmology, such a homogeneous and isotropic universe is filled with an
ideal fluid whose equation of state is either that of radiation (p, = % pr) or pressureless dust (p,, = 0).
In the standard cosmological picture without dark energy, radiation dominates during approximately
the first 2000 years of cosmic evolution, followed by matter domination. Traditionally, this requires
stitching together two distinct cosmological phases with different equations of state.

Earlier attempts to describe the entire evolution within a single framework were undertaken by
Chernin [15], Mclntosh [16], Landsberg and Park [17], Jacobs [18], and Cohen [19]. In those ap-
proaches, the universe contains two non-interacting components: radiation and matter. Radiation en-
ergy density evolves as p, ~ a~*, while matter evolves as p,, ~ a~>. Hence the total density and
pressure are

p = pro(ao/a)* + pmo(ao/a)® M
1
p = gprolao/ a) @

This yields the effective equation of state

-1
p 1 4 1 a

=-=211 mo/ Pr =-|1 3
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For a < aeq, the behavior approaches pure radiation; for a >> a.q, pressure becomes negligible,
reproducing matter domination.

We adopt this equation of state for the cosmological fluid. In the presence of dark energy, this

unified treatment allows simultaneous assessment of both z.4 and z;. As shown previously [13], this
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improves discrimination among models. In this work, we apply the method to scalar field dark energy
models.

3 Field Equations

For a homogeneous and isotropic flat Robertson-Walker spacetime described by the metric
ds®> = —dt* + a*(dr® + r2d0* + r* sin® 0dp?) 4)

the Einstein field equations corresponding to a two-component cosmic fluid take the form

3H® = p+ps )
and 2H +3H®> = —(p+ps) (6)

where an overdot denotes differentiation with respect to cosmic time. Here p and p represent the
energy density and pressure of the background cosmological fluid, whereas py and pg denote the cor-
responding quantities for the dark energy component. Throughout this paper, the suffix ¢ refers ex-
clusively to the dark energy contribution. The Hubble parameter is defined in the usual manner as
H=a/a.

These field equations may equivalently be expressed in terms of density parameters and equations
of state as

1 = Q4Q @)
and é(2q —1) = w4 wee (8)

where the deceleration parameter ¢, equation of state parameter w, and density parameter {2 are
defined conventionally by

qg = —ifaH?
w = p/p
and Q = p/3H>.

If dark energy is modeled as a minimally coupled scalar field, one may begin with the action

1
A= [dov=g | s+ josor - vio) + ©

which reproduces the field equations (5) and (6) with

1.
ps = O +V(9) (10)
and ps = %d?fvw)- an

Altogether, there are five unknown quantities, namely H, ¢,V (¢), p, and p. Since only two inde-
pendent field equations are available, three additional assumptions are required for closure.

1. For late-time evolution, the background matter may be approximated as pressureless dust, so
p = pm = 0. This assumption is adopted in Model 1 and Model 2. In contrast, Models 1A and
2A incorporate radiation, and therefore p # 0 in those cases.



EPJ Web of Conferences 370, 01018 (2026) https://doi.org/10.1051/epjcont/202637001018
IEMPHYS-26

2. We assume that there is no interaction between the background fluid and the dark energy com-
ponent. Consequently, the conservation equation

p+3H(p+p)=0 (12)

holds, along with the scalar field wave equation

¢+3Hp+V'(¢) =0 (13)
where a prime denotes differentiation with respect to ¢.

3. Finally, we impose a specific constraint on the behavior of the scalar field to ensure late-time
acceleration. Two different choices are considered. The first is implemented in Model 1 and
Model 1A, while the second is employed in Model 2 and Model 2A.

4 Model 1
In this model the background matter is taken to be dust, so p = 0. The conservation equation (12) then
directly yields
p=Ria® (14)
The scalar field is assumed to evolve as
¢ = Blna. (15)

This assumption resembles the common choice ¢ = aInt used in power-law expansion models
that generate exponential-type potentials.

Using (14), the field equations may be solved to obtain

R 34 -8
V(p) = ————e 5% 4 Cre 7%, 16

Exponential potentials are well known in the literature for producing accelerated expansion in scalar
field dark energy models[20].

If a+ denotes the scale factor at which the universe transitions from deceleration to acceleration,
then ¢ must vanish at a = a;. Imposing this condition determines the integration constant C; as

R(6 - %) 52-3
C, = .
LT e -
The potential expressed in terms of a is therefore

V(a) = ﬁa*’ (B2 + (6 — B*)F]. a7
where
3—32
F=@2-p5)"" (ai) .

The remaining physical quantities are
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(18)
19
(20)
2n

(22)

(23)

(24)

Fixing the present value of one observable quantity determines the others for a given 3. For in-
stance, once ao/ay is fixed from observation, 3 may be chosen to reproduce the present values of other
parameters. The variation of parameters with [ is illustrated in Fig.1.
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Figure 1: Variation of wgo, {20 and go with 5 are shown for ag /a; = 1.7 in Model 1 along with the

nature g vs. a curves for different values 8

The plots indicate that present-day observables are only weakly sensitive to 5. Given observational
uncertainties, the permissible range of 3 remains relatively broad. Notably, the model reduces to ACDM

when 8 = 0, consistent with expectations that 5 should be close to zero.

Although Model 1 successfully accounts for late-time acceleration, we now examine whether it can

also yield a correct estimate of ag/aeq once radiation is incorporated.
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5 Model 1A
Introducing radiation implies p # 0. To close the system, we adopt the effective equation of state
-1
MZE(H“) . (25)
3 Qegq
The conservation equation then gives
p=Rsa™* (1 + 2 ) . (26)
Geq
Solving the field equations again yields
Roa™ 2 a 2 2
V)= ——7 || 5 6—p6°)F1|. 27
(a) 2(3—,62) [(3 aeq)ﬂ +( ﬁ) 1 27
where
m = 3-p
=
no= [ng a } 2
3 at  Qeq

The other quantities follow as listed below.

s Roa™! 4 a
= 6o, Kﬁm+aeq>+ﬂ] @9
_ Roa™* a Y
A e K"”afq)ﬂ *34 @
_ 32
ps = R2a4{m—ﬂ} (30)
by = EE-B-FR 1)
(m )ﬂ2+3F1
1 ﬁ2+3F1
Qs = 3 (32)
L (dm+ )+ R
1 1+— (3-p%
Q = - (33)
3 % +F1
(% + ) -8R
g = e" 34

(%’” + a—) +2F
eq

Model 1A reduces to Model 1 when a > aeq with R1 = R2/aeq, confirming identical late-time
behavior. However, Model 1A now permits estimation of zcq.

To explore parameter dependence, we fix ao/a: and 0. While go and wgo remain nearly identical
to Model 1, the value of ag/a.q is extremely sensitive to small changes in 3 (Fig.2).
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Figure 2: Variation of ag/aeq with respect to 8 with ag/a; = 1.7 and 2y = 0.28 in Model 1A

B Zeq qo0
0.30000 482.928 -0.534711
0.31000 1203.01 -0.531834
0.31200 1728.83 -0.531247
0.31300 2215.34 -0.530952
0.31400 3086.80 -0.530657
0.31405 3148.84 -0.530642
0.31410 321343 -0.530627
0.31420 3350.95 -0.530597
0.31430 3500.81 -0.530568
0.31450 3844.87 -0.530508
0.31500 5099.15 -0.530360

The numerical values shown in the table are computed with ag/a; = 1.7 and €y = 0.28. A variation in
the third decimal place of 3 alters ao/acq by several hundred. Given the accepted value zeq = 3196 &
134 [21], B becomes tightly constrained. This makes Model 1A significantly more discriminating than
Model 1.

We now investigate whether such sensitivity is a generic feature.

6 Model 2

Here again p = Rsa™ 3, but we assume

é = aa™. (35)

Solving the wave equation gives

2
Vi) = - (”*3) a*". (36)

Imposing ¢ = 0 at a = a; yields

R- (2
a2 ::——4;i < n > at(2 +3X

3 \n+3

The potential becomes

V(a) = &(n +3)Ga®. 37

with
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Other quantities are as:

H? - 2+6) -3 (38)

o = 2Ga (39)
R3 3

Do —?(Zn +3)Ga (40)
1

we ~3(@n+3) (1)
G

e @
2

Q Cpe 43)
1- G

The present value of the parameters are plotted against n by fixing the value of ag/a: (Fig.3).
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Figure 3: Variation of wgo, Q0 and go with n are shown for ag/a; = 1.7 in Model 2 along with the
nature of g vs. a curves for different values of n

Analysis show that a small negative n is preferred observationally and also satisfies slow-roll be-

havior.
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7 Model 2A

Radiation is introduced with

leading to

The potential becomes

where

w =

o\
(1 4 ) .
Qeq

p:R4a_4 (1+ a )
Geq

Wl

V(a) = %(n +3)Gra™".

_ 1 a¢ a Zntd
Gi=(n+1 1<1+7 )(—) )
! ( ) 2 Qeq on

Other physical quantities are listed below

v - o)
3 Qeq
Py = RyGra™*
Ry —4
Py = —?(271—"-3)6:1&
we = —%(2714—3)
o - G
(1+52) + 6
eq
Q = (1+‘16q)
(1-1-%)-1-@1
eq
(1+122) = (n+ )Gy
q

(1+2)+6

(45)

(46)

“47)
(48)
(49)

(50)

(5D

(52)

(53)

Again, plotting ag/aeq versus n (Fig.4) shows extreme sensitivity. The values in the table are computed
for ag/a: = 1.7 and Qo = 0.28.

n Req qo0

-0.30000 319.988 -0.363535
-0.31000 654.358 -0.356587
-0.31400 1150.13 -0.353798
-0.31500 1422.49 -0.353102
-0.31720 2991.89 -0.351569
-0.31725 3069.22 -0.351534
-0.31730 3150.67 -0.351500
-0.31740 3327.32 -0.351430
-0.31745 3423.32 -0.351395
-0.31750 3525.05 -0.351360
-0.31800 5017.90 -0.351012
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Figure 4: Variation of ag/a.q with respect to n with ag/a; = 1.7 and Q¢ = 0.28 in Model 2A

Thus, the strong dependence of ao/a.q on model parameters appears to be a generic feature of such
scalar field constructions.

8 Conclusion

This work proposes a method to render dark energy models capable of estimating z., by incorporating
an effective radiation—matter equation of state. Two scalar field models (Model 1 and Model 2) were
examined, characterized respectively by logarithmic and polynomial evolution of the scalar field. While
their late-time behaviors resemble many successful models in the literature, a comparative analysis
reveals important distinctions in their physical behavior and observational viability.

Table 1: Comparative analysis of logarithmic and polynomial scalar field models with the standard
ACDM model:

https://doi.org/10.1051/epjcont/202637001018

Logarithmic Model (1/1A) Polynomial Model (2/2A) ACDM Model
¢=pIna d) oxa” No scalar field
V(¢): Exponential-type Power-law / polynomial-type Constant A

wg: evolves with a f%(2n + 3) (constant) —1 (constant)

@: Smooth transition; tunable via 5 Smooth transition; controlled by n  Fixed by £2,,,, Qx
Q40, go: Weak sensitivity to 3 Weak sensitivity to n Precisely constrained
Zeq: Extremely sensitive to 3 Extremely sensitive to n Robust (~ 3200)
Sensitivity: Very high Very high Low

Reduction to ACDM: Yes (3 =0) No Fundamental model

The comparative summary presented in Table 1 highlights that, although both scalar field models
successfully reproduce late-time cosmological observations, the predicted value of z.4 is extremely
sensitive to small changes in model parameters constraining their viability. Consequently, observable
quantities must be fixed to the third decimal place in order to reproduce the accepted value of zcq.

Therefore, inclusion of the proposed equation of state provides a powerful additional criterion for
assessing the viability of dark energy models.
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