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Abstract. The thermodynamic behavior of phosphoric acid systems
containing cadmium, calcium, and sulfate ions was investigated using the
Pitzer and Debye—Hiickel models over a phosphorus content ranging from
5% to 30% P20s and a temperature range of 25°C to 80°C. This study aims
to predict pH and density and compare the performance of the two models
in describing the thermodynamic behavior of the system. Experimental
measurements were used to validate the models, yielding Pearson
correlation coefficients of r = 0.886 for pH and r = 0.764 for density, with
normalized root mean square errors (NRMSE) of 0.203 and 0.121,
respectively. Both models captured the general behavior of the system;
however, the Pitzer model consistently provided more accurate and robust
predictions. Overall, the Pitzer model proves to be the most accurate and
reliable approach for predicting the thermodynamic properties of complex
phosphoric acid solutions, offering a highly relevant tool for process control
and parametric optimization.
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1 Introduction

Thermodynamic modeling of phosphoric acid solutions is essential for optimizing industrial
processes involved in phosphoric acid production [1]. Various thermodynamic approaches,
including the NRTL-electrolyte, Extended Debye—Hiickel, and Pitzer models, have been
employed to predict the physicochemical properties of phosphate systems and their
associated impurities [2—4]. However, the applicability and accuracy of these models may
vary significantly depending on ionic strength, solution composition, and the presence of
multiple interacting species.

Among the impurities commonly encountered in wet-process phosphoric acid, cadmium
is one of the most critical contaminants. Approximately 66% of the cadmium present in
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phosphate rock dissolves during sulfuric acid attack [5]. Due to its high toxicity and
bioaccumulative nature, cadmium represents a major environmental and health concern [6—
8]. Its chemical speciation and impact on solution properties are strongly influenced by ionic
strength, competitive ion interactions, and complex chemical equilibria, making accurate
thermodynamic prediction particularly challenging [9].

In this context, the Extended Debye—Hiickel model offers a simplified framework
suitable for dilute electrolyte solutions, whereas the Pitzer model provides a more rigorous
description of short-range and long-range ionic interactions in highly concentrated systems
such as industrial phosphoric acid media [10]. Despite their widespread use, a systematic
comparative assessment of these two models, supported by experimental data and applied to
phosphoric acid systems containing both sulfuric acid and metallic impurities, remains
limited in the literature.

The objective of this work is thus to perform a comparative and discriminatory evaluation
of the Extended Debye—Hiickel and Pitzer models to describe the behavior of phosphoric acid
solutions containing cadmium, calcium, and sulfate ions, and their influence on key
physicochemical properties, namely pH and density, over a wide concentration range. By
combining experimental measurements with thermodynamic modeling, this study aims to
identify the most suitable modeling approach for describing polyelectrolyte phosphoric acid
systems under industrially relevant conditions.

2 Thermodynamic Models

2.1 Debye-Hiickel Model

The Debye—Hiickel theory, developed by Debye and Hiickel [3], explains deviations from
ideal behavior in dilute electrolyte solutions. It predicts ionic activity coefficients as a
function of the ionic strength I and ionic charge z; according to:

logy; = —Az}VI €Y)
with:
1 2
I = ;Zimi z 2

To extend the model to moderately concentrated solutions, Debye and Hiickel proposed a
modified expression:
Az 3)
1+ alBVI
where al(in cm) is the ion-size parameter, while A and B are solvent-dependent constants

influenced by temperature, density, and the dielectric constant of water, as described in
empirical correlations [11].

log y; =

2.2 Pitzer Model

The Pitzer model provides an advanced description of ion—ion and ion—solvent interactions,
making it suitable for strong electrolytes and systems involving dissociation equilibria. Its
application relies on accurate chemical speciation, i.e., the identification of all chemical
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species present in the solution [12]. The general form of the Pitzer model expresses the excess
Gibbs free energy as:

RC;:: =f)+ Z Zlij(l)ninj + ZZZ“ii”i”f”k 4)
v i i j k

where n; represents the number of moles of solute i, and n,, denotes the moles of water.
Short-range interactions are accounted for by:
e 4;;(I): ionic-strength-dependent binary interaction terms,

® Uk constant ternary interaction parameters.

The long-range electrostatic contribution is represented by the Debye—Hiickel-type term

f (), expressed as [12]:

4A41
b

) =- In(1 + V1) (5)

Water activity a, is usually deduced from the osmotic coefficient using the following
equation:

1
log (a,) = m(qubZzimi) ©)

The activity coefficients are expressed as:
z? z? ,
J j ok j ok

where /" and A’ represent the first derivatives of fand 4 with respect to /.

3 Evaluation of Model Performance and Validation

3.1 Pearson Product—-Moment Correlation Coefficient

The Pearson product-moment correlation coefficient is calculated to assess the accuracy and
reliability of the model predictions as follows [12]:

. Yij(Pyj — Py ) (Eij — Eyj)
= 2 = (2
\/(Zij(Pij —P;))" Qy(Ey — Ey))
where P;; represents the model prediction, while E;; is the corresponding experimental value.

In addition, P; ; and E; ; denote their respective averages over all available measurements at

different molalities and temperatures. The indices i and j refer to molality and temperature,
respectively.

®)

3.2 Normalized Root Mean Square Error (NRMSE)

The normalized root mean square error, along with the Pearson correlation coefficient given
in Equation (8), is calculated as follows [12]:
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where E;;and N represent the average of the experimental values and the total number of
measurements, respectively.

4 Experimental Section

To validate the thermodynamic models, several series of experimental measurements were
carried out. Phosphoric acid solutions were prepared with concentrations of 5%, 15%, and
30% in P,Os. All solutions were contaminated with 20 ppm of cadmium. Some of these
solutions additionally contained 2 % of calcium and 3 % of sulfates.

The experimental measurements included pH, density, and electrical conductivity. The
pH was measured using a glass-electrode pH meter, calibrated with standard buffer solutions
at different temperatures. The density of the samples was determined using a pycnometer of
known volume and mass. Electrical conductivity measurements were performed under
controlled temperature conditions.

In addition to the laboratory measurements, a thermodynamic database was compiled from
relevant literature sources and used for model validation and comparison with experimental
data.

5 Results and discussion

5.1 Validation results

The validation aims to compare two thermodynamic models in order to identify the most
suitable one for describing the studied system. The comparison is based on the level of
agreement between experimental measurements and model predictions, quantified using two
statistical indicators: the Pearson product—-moment correlation coefficient and the normalized
root mean square error (NRMSE). The Pearson coefficient evaluates the strength of the linear
relationship between predicted and experimental values, while the NRMSE measures the
relative magnitude of the prediction errors.

Table 1 presents the statistical validation results obtained for both thermodynamic
models. At 25 °C, excellent agreement is observed for the pH predictions, with Pearson
correlation coefficients exceeding 0.99 for both the Debye—Hiickel and Pitzer models.
Nevertheless, the Pitzer model exhibits higher accuracy, as reflected by its lower NRMSE
value (0.072). For density at the same temperature, a moderate correlation is obtained, with
the Debye—Hiickel model showing slightly better performance than the Pitzer model (r =
0.764 and NRMSE = 0.121). At 80 °C, the accuracy of pH predictions decreases, as indicated
by increased NRMSE values; however, the Pitzer model remains more reliable, presenting
both a higher correlation coefficient (r = 0.886) and a lower NRMSE (0.203). Concerning
density at elevated temperature, the Pitzer model clearly outperforms the Debye—Hiickel
model, achieving a higher correlation coefficient (r = 0.711) and a lower normalized error
(NRMSE = 0.088), highlighting its superior robustness under high-temperature conditions.
Overall, these results confirm that the Pitzer-based approach provides the most consistent
and accurate predictions across the investigated temperature range.
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Table 1. Statistical validation results

T (°C) Properties Pearson r NRMSE
pHPH 0.990 0.089
25
pHFi 0.991 0.072
Density PH 0.764 0.121
Density Fiz 0.678 0.141
pHPH 0.870 0.331
80
pHPiz 0.886 0.203
Density PH 0.534 0.131
Density Fi? 0.711 0.088

DH: Debye—Hiickel Model
Pitz: Pitzer Model

5.2 Model-Predicted Results

Fig. 1 (a, b) shows that pH values decrease with increasing concentrations of phosphoric
acid, while they increase slightly with temperature. This trend is consistent with the findings
of Khamar et al. [13], who reported that the pH of very similar systems ranges between 0.3
and 0.85 for temperatures from 60 °C to 80 °C. Furthermore, the addition of calcium
carbonate does not significantly affect the pH, which is expected since pH is mainly governed
by the activity of H* ions, and the presence of Ca?" does not strongly influence their activity.

Comparing the two thermodynamic models, the Pitzer model reproduces the experimental
data more accurately than the Debye—Hiickel model across all conditions. At 25 °C, both
models capture the general trend of decreasing pH with increasing % P»Os, but the Pitzer
model aligns more closely with the experimental points, especially at higher phosphate
concentrations. The Debye—Hiickel model slightly overestimates the pH in the presence of
calcium and sulfate ions. At 80 °C, the differences between the models become more
pronounced. The Debye—Hiickel model shows larger deviations from the experimental data,
whereas the Pitzer model maintains good agreement, indicating its robustness at elevated
temperatures and for solutions containing multiple ions.

Fig. 2 (a, b) shows that density increases with increasing phosphoric acid concentration.
This behavior is primarily associated with the decrease in water content, given that
phosphoric acid exhibits a higher density than water. Conversely, variations in sulfuric acid
concentration and calcium carbonate content have only a minor influence on density, which
can be attributed to the relatively low amounts introduced into the system. Furthermore, a
decrease in temperature leads to an increase in density, a phenomenon commonly explained
by the closer packing of molecules and the reduction in thermal motion within the liquid
phase.

Furthermore, both the Debye—Hiickel and Pitzer models predict the same general trend,
characterized by an increase in density with increasing P.Os concentration. Nevertheless, a
quantitative comparison reveals that the Pitzer model shows significantly better agreement
with the experimental data, particularly at higher concentrations.
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Fig. 3 (a, b) illustrates the evolution of water activity as a function of the P-Os content at
25°C and 80°C, as calculated using the Pitzer and Debye—Hiickel models for two solution
compositions (Ca = 0 %, SO+ =0 % and Ca = 2 %, SOs = 3 %). Both models exhibit very
similar water activity values over the studied P.Os concentration range. However, a slight
difference can be noted, as the Pitzer model generally predicts marginally higher water
activity values compared to the Debye—Hiickel model. At 25°C, the predicted water activity
values range between 0.969 and 0.720, while at 80 °C they vary from 0.969 to 0.748,
depending on solution composition.

The concentration of P:0Os is the dominant factor controlling water activity, which
decreases slowly and almost linearly as P-Os concentration increases. This trend indicates a
progressive reduction in the availability of free water, primarily caused by strengthened ion—
dipole interactions between dissolved species and water molecules. While SO+* may
contribute to this decrease, its effect is significantly weaker compared to that of P2Os.

The observed decrease in water activity reflects the reduced partial vapor pressure of
water compared to pure water. Increasing electrolyte concentration strengthens ion—dipole
interactions, limiting evaporation. Interfacial phenomena at the liquid—vapor boundary also
contribute, maintaining a constant evaporation—condensation ratio at thermodynamic
equilibrium [14] [15].

Overall, phosphorus content (% P20Os) is the main factor controlling pH, density, and
water activity, while calcium and sulfate have minor effects. The Pitzer model provides more
accurate predictions than the Debye—Hiickel model across concentrations and temperatures,
making it a useful tool for industrial process control and optimization of phosphoric acid

systerns.
(a) (b)
14 1B
' M = = = = Debye—Hickel C3=0% ; 504=0% 80°C | e Drebiye—Hiickel Ca=0% S04=0%
5°C — DebyeHickel Ca=2%; S04=3% 16 —— Debye-Hickel Ca=2% S04=3%
12 - - - - pltzer Ca=0%; S04<0% N pitzer Ca=0% S04=0%
] pltzer Ca=2% ; 50=4% pitzer Ca=0% S04=0%
B experimental D%Ca; 0%S04 14 " eperimental 0%Ca ; 036504
14 N experimental 25%Ca ; 34504 ®  experimental 2%Ca; 3304
N 12
08 4 1
T
i 3
08
06
06
04 4
04 i
0,2 =
0.2
0 v T a - r T T T T
0 H 10 15 20 23 0 35 o 5 10 15 0 15 30 35
9% P205 % Pa0s

Fig. 1. Predicted pH values at different temperatures for two solution compositions (Ca =0 %, SOs =
0 % and Ca =2 %, SOs =3 %)
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Fig. 2. Predicted density values at different temperatures for two solution compositions (Ca =0 %,
SO4=0 % and Ca=2 %, SO+ =3 %)

(a) (b)

1,05

05

T T

1,05 .
—— Pitzer Ca=0% S504=0% 80°C —— Pitzer Ca=0% S04=0%
N 25°C Pitzer Ca=2% S04=3% 1 Pitzer Ca=2% S04=3%
4 Debye-Hiickel Ca=0% S04=0% A Debye-Hiickel Ca=2% S04=3%
sl AN A Debye-Hlckel Ca=2% S04=3% | g5 A Debye-Hickel Ca=0% 504-0%
5 g
3 ®
2 034 2 09
s b
> 2
S 05 | 5 085
g g
< <
03 08
A
075 - 075 A
07 ; ‘ ‘ ‘ ‘ ; 07 , . ‘ : .
0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35
% P205 % P205

Fig. 3. Variation of water activity as a function of POs content at 25°C and 80°C for Pitzer and
Debye—Hiickel models

6 Conclusion

This study evaluated the ability of two thermodynamic models, Debye—Hiickel and Pitzer, to
describe the behavior of phosphoric acid solutions containing cadmium, calcium, and sulfate
ions. Statistical validation using Pearson correlation coefficients and normalized root mean
square error (NRMSE) demonstrated that both models are capable of predicting the behavior
of the system, but the Pitzer model provides more accurate and consistent results, particularly
at elevated temperatures and for solutions with multiple ions.

Analysis of predicted pH and density values confirmed that pH decreases with increasing
P.Os concentration and slightly increases with temperature, while density increases with P-Os
content and decreases with temperature. The effect of calcium carbonate and sulfuric acid
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was minor in both cases. Water activity was found to decrease almost linearly with P>Os
concentration, reflecting stronger ion—dipole interactions and reduced availability of free
water; the Pitzer model generally provides predictions closer to the experimental data than
the Debye—Hiickel model.

Overall, the results highlight the dominant role of solute concentration, particularly the
phosphorus content %(P20s), in controlling the thermodynamic properties of this system.
While both models can capture the general behavior of the system, the Pitzer model remains
the most reliable tool for accurate prediction of thermodynamic properties in complex
phosphoric acid solutions, providing a solid foundation for process optimization in the
phosphate and fertilizer industry.
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