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Abstract. The present work examines magnetohydrodynamic flow and heat transfer in a ternary hybrid 

nanofluid over a curved stretching surface, accounting for induced magnetic field effects and the Cattaneo–

Christov heat flux model. The nanofluid consists of magnesium oxide, multi-wall carbon nanotubes, and 

copper nanoparticles dispersed in water. Using boundary layer approximations, the governing partial 

differential equations are transformed into a system of nonlinear ordinary differential equations via 

similarity variables. The resulting system is solved numerically using a finite difference scheme combined 

with a Successive Over-Relaxation algorithm. The influence of the magnetic parameter, curvature 

parameter, suction parameter, thermal relaxation parameter, and reciprocal magnetic number on velocity, 

temperature, induced magnetic field, skin friction, and Nusselt number is discussed. Magnetic effects are 

found to suppress velocity while increasing thermal distribution. Surface curvature and suction reduce both 

velocity and temperature profiles. The results highlight the coupled interaction between electromagnetic 

forces and non-Fourier heat transfer in curved MHD systems. 

1 Introduction 

Hybrid nanofluids have attracted sustained interest due 

to their improved thermophysical properties compared 

with conventional base fluids. Early investigations 

demonstrated significant enhancement in thermal 

conductivity when nanoparticles were dispersed in base 

fluids [1–3]. More recently, ternary hybrid nanofluids 

(THNFs), containing three distinct nanoparticle types, 

have been proposed to further improve heat transfer 

performance and rheological stability [4,5]. Such multi-

component systems combine metal particles, metal 

oxides, and carbon-based nanomaterials to optimize 

thermal transport. 

In high-rate heat transfer processes, the classical 

Fourier law may not adequately describe thermal 

behavior. To overcome this limitation, Cattaneo 

introduced a modified heat flux model incorporating 

thermal relaxation time [6], which was later 

reformulated by Christov using a frame-indifferent 

derivative [7]. The resulting Cattaneo–Christov model 

has been successfully applied to boundary layer flows 

and nanofluid systems, showing significant deviations 

from classical Fourier predictions [8,9]. 

Magnetohydrodynamic (MHD) flow over curved 

geometries arises in metallurgical processes, 
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electromagnetic cooling, and advanced energy systems. 

The interaction between an applied magnetic field and 

an electrically conducting fluid generates Lorentz forces 

and induces magnetic components that strongly 

influence momentum and heat transfer characteristics 

[10–12]. Several studies have examined hybrid 

nanofluid flow over stretching or curved surfaces under 

magnetic effects [13–15]. 

Despite these developments, investigations 

combining ternary hybrid nanofluids, induced magnetic 

field effects, and Cattaneo–Christov heat flux over 

curved stretching surfaces remain limited. The present 

study addresses this configuration and provides a 

detailed numerical analysis of the coupled flow, 

thermal, and electromagnetic behavior. Particular 

attention is given to the influence of magnetic 

parameter, curvature, suction, thermal relaxation, and 

material parameters on skin friction and heat transfer 

rate. 

2 Mathematical formulation 

A steady two-dimensional incompressible ternary 

hybrid nanofluid flow over a curved stretching surface 

of radius 𝑅 is considered. A transverse magnetic field is 
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applied, generating an induced magnetic component 

within the electrically conducting fluid. Suction is 

permitted on the surface. We consider steady two-

dimensional incompressible ternary hybrid nanofluid 

flow over a curved stretching surface of radius 𝑅. A 

transverse magnetic field 𝐵 is applied. 

 

 

Fig. 1. Geometrical structure and coordinate system 

Under boundary layer assumptions, the governing 

equations consist of continuity, momentum, energy, and 

induced magnetic field equations. 

 
𝜕𝑢

𝜕𝑠
(𝑅) +
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𝜕𝑀1
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          (6) 

 

For the flow problem, the necessary are: 

 

𝑢 = 𝑎𝑠, 𝑣 = 𝑠0, 𝑇 = 𝑇𝑤,𝑀2 = 0,
𝜕

𝜕𝑟
(𝑀1) = 0as  𝑟 =  0,

𝑢𝑟 → 0, 𝑢 → 0, 𝑇 → 𝑇∞, 𝑀1 → 𝑀𝑒(𝑠) = 𝑚0𝑠as 𝑟 → ∞
}  (7) 

 

Considering, 

 

𝑣 = −
𝑅

𝑅 + 𝑟
√𝑣𝑓𝑎𝑓(𝜂), 𝑢 = 𝑠𝑎𝑓

′(𝜂), 𝑇 − 𝑇∞ = (𝑇∞ − 𝑇𝑤)𝜃(𝜂),

𝑀1 = 𝑚𝑜𝑠𝑁
′(𝜂),𝑀2 = −

𝑅𝑚𝑜

𝑅 + 𝑟
√
1

𝑎
𝑣𝑓𝑁(𝜂), 𝑃 = (𝑠𝑎)

2𝜌𝑓𝑝(𝜂)
}
 
 

 
 

 

          (8) 

 

Equations (1) and (2) are automatically satisfied with 

the help of similarity variables (8), and eliminating the 

pressure term, equations (3-6) and the associated BC's 
(7) are mitigated as: 

 
𝜈𝑡ℎ𝑛𝑓

𝜈𝑓
[𝑓𝑖𝑣 +

2

𝑘+𝜂
𝑓‴ −

1

(𝑘+𝜂)2
𝑓″ +

1

(𝑘+𝜂)3
𝑓′] − 𝑘(𝑘 + 𝜂)−1[𝑓″𝑓′ − 𝑓‴𝑓] − 𝑘(𝑘 + 𝜂)−2

[−𝑓″𝑓 + 𝑓′2 +
𝑓′𝑓

𝑘+𝜂
] +

𝑘𝛽

𝑘+𝜂
[𝑁″𝑁′ − 𝑁𝑁‴ +

𝑁𝑁′

(𝜂+𝑘)2
−

1

𝜂+𝑘
(𝑁𝑁″ − 𝑁′2)] =  0

} 

(9) 

 
ϒ[(𝑘 + 𝜂)−1𝑁″ + 𝑁‴ − (𝑘 + 𝜂)−2𝑁′] − 𝑘(𝑘 + 𝜂)−1[𝑓″𝑁 − 𝑓𝑁″]

+𝑘(𝑘 + 𝜂)−2 [𝛤𝑁𝑁′ −
1

𝛤
𝑓𝑓 ′] =  0  

}   (10) 

 
𝜅𝑡ℎ𝑛𝑓

𝑃𝑟 𝜅𝑓
[𝜃″ + (𝑘 + 𝜂)−1𝜃′] − 𝑘(𝑘 + 𝜂)−1𝑓𝜃′ + 𝛾𝑐𝑐(𝑘 + 𝜂)

−2[𝑓2𝜃″ + 𝑓𝑓′𝜃′ −

(𝑘 + 𝜂)−1𝑓2𝜃′] =  0          (11) 

 

The dimensionless parameters appearing in the 

equations are defined as: 

 

𝛽 =
𝜇𝑒𝑚0

2

4𝑎2𝜋𝜌𝑓
, 𝛾𝑐𝑐 = 𝜆𝑎, 𝑆𝑤 =

𝑠0

(𝑎𝑣𝑓)
1
2

, 𝛤 =
𝑚0

𝑎
,

 𝑘 = 𝑅√
𝑎

𝑣𝑓
,  ϒ =

𝜇𝑒

𝑣𝑓
, 𝑃𝑟 = 

𝑣𝑓(𝜌𝐶𝑝)𝑓

𝑘𝑓 }
 
 

 
 

   (12) 

 
𝑓 =  𝑠𝑤 ,  𝑓

′ = 1, 𝜃 =  1, 𝑁 =  0,𝑁″ =  0,  when 𝜂 =  0,

𝑓″ → 0, 𝑓 ′ → 0,𝑁 ′ → 1, 𝜃 → 0,    as 𝜂 → ∞
} (13) 

 

The engineering quantities of interest are the skin 

friction coefficient and Nusselt number defined as: 

 

𝐶𝑓 =
2𝜏𝑤

𝜌𝑓𝑎
2𝑠2

  where, 𝜏𝑤 = −(
𝑢

𝑟+𝑅
−
𝜕(𝑢)

𝜕𝑟
) 𝜇𝑡ℎ𝑛𝑓,

𝑁𝑢 =
𝑠

−𝑘𝑓

𝑞𝑤

(𝑇∞−𝑇𝑤)
  when, 𝑞𝑤 = −𝑘𝑡ℎ𝑛𝑓

𝜕(𝑇)

𝜕𝑟

}  (14) 

 

1

2
𝑅𝑒𝑠

1

2 𝐶𝑓 = −
𝜇𝑡ℎ𝑛𝑓

𝜇𝑓
[
𝑓′(𝜂)

𝜂+𝑘
− 𝑓″(𝜂)] ,

𝑁𝑢

𝑅𝑒𝑠

1
2

= −
𝑘𝑡ℎ𝑛𝑓

𝑘𝑓
𝜃′(𝜂)

}
 

 

    (15) 

 

3 Numerical calculations 

The transformed nonlinear system of ordinary 

differential equations is solved numerically using a 

finite difference discretization scheme similar to 

approaches commonly used in nanofluid flow 

simulations [16,17]. The resulting algebraic system is 

solved iteratively using the Successive Over-Relaxation 

(SOR) technique. Convergence is assumed when the 

maximum residual error becomes less than 10-6. 

4 Results and discussion 

The influence of governing parameters on velocity, 

induced magnetic field, temperature, skin friction 

coefficient, and heat transfer rate is analyzed. 
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4.1 Velocity distribution 

Figure 2 illustrates the influence of the magnetic 

parameter β on the velocity profile. Increasing β reduces 

velocity due to the Lorentz force opposing fluid motion, 

a behavior widely reported in MHD boundary layer 

flows [18]. The boundary layer thickness decreases as 

magnetic interaction strengthens. 

 

 

Fig. 2. Velocity profiles for different values of magnetic 

parameter β 

Increasing curvature parameter 𝑘 and suction 

parameter 𝑆𝑤 also suppress velocity due to geometric 

confinement and boundary layer thinning. 

4.2 Induced magnetic field and temperature 
distribution 

The variation of the induced magnetic field with 

reciprocal magnetic number Y is shown in Fig. 3. As ϒ 

increases, magnetic diffusivity increases and the 

induced magnetic field weakens. The influence of 

thermal relaxation parameter γcc on temperature 

distribution is presented in Fig. 4. Increasing γcc reduces 

temperature because thermal relaxation delays heat 

propagation which is consistent with recent 

investigations of hybrid nanofluid heat transfer models 

[19]. 

 

 
Fig. 3. Induced magnetic 

field for different values 

of reciprocal magnetic 

field Y 

 
Fig. 4. Temperature profiles 

for different values of 

thermal relaxation γcc 

4.3 Skin friction and heat transfer rate 

Figures 5 and 6 illustrate the variation of skin friction 

coefficient and Nusselt number with magnetic 

parameter 𝛽. 

 
Fig. 5. The dominion of k 

on N^' (η) 

 

 
 

Fig. 6. The influence of Sw 

on θ(η) 

 

Skin friction increases with magnetic parameter due 

to enhanced surface shear stress, whereas the Nusselt 

number decreases, indicating reduced heat transfer 

under strong magnetic influence. These highlight the 

coupled interaction between electromagnetic forces and 

heat transfer mechanisms observed in recent hybrid 

nanofluid studies [20]. 

5 Conclusion 

A numerical study of ternary hybrid nanofluid flow over 

a curved stretching surface with induced magnetic field 

and Cattaneo–Christov heat flux has been presented. 

Magnetic interaction suppresses velocity and enhances 

surface shear stress. Thermal relaxation reduces 

temperature distribution and heat transfer rate. 

Curvature and suction significantly reduce boundary 

layer thickness. 
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