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Abstract. In this work, we use the Transfer Matrix Method (TMM) to study a one-dimensional (1D)
defective structure composed of N periodic cells. Each cell consists of a right-handed material (RHM)
transmission line segment coupled to a transmission line resonator (TLR) made of a metamaterial with
negative effective permittivity (ENG, &, (f) < 0). This ENG resonator is modeled by a compact circuit with
lumped elements, including a series capacitor (C), a parallel inductor (L), and a resistor (R). A lateral RHM
resonator is introduced at the center of the structure to create a defect mode. The perfect structure has an
electromagnetic band gap (EBG) whose width strongly depends on the length of the ENG resonators. The
introduction of the defect generates a localized mode within this band gap, characterized by a high-quality
factor (Q) and unit transmission (T = 1). The frequency of this mode is very sensitive to the length and
relative permittivity of the defect. Furthermore, analysis of the transmission spectrum, phase, group delay,
and group velocity reveals the existence of a zero-effective-phase (zero — ¢efr) gap, whose position and
width remain insensitive to the parameters of the defect. These results pave the way for the design of stable
and highly selective microwave filters suitable for electronic devices and telecommunications applications

in the X-Ku bands.

1 Introduction

The design of tunable microwave filters based on
electromagnetic metamaterials is currently the subject of
numerous theoretical and experimental studies [1-3],
due to their ability to offer increased spectral selectivity,
optimal compactness, and reconfiguration for wireless
systems [4,5], astronomical detection [6], and advanced
photonic systems [7,8]. Unlike right-handed materials
(RHM), whose electromagnetic properties offer limited
flexibility for precisely manipulating electromagnetic
waves [9,10] due to physical limitations related to
atomic arrangements, metamaterials, consisting of
periodically arranged artificial microstructures, exhibit
unique electromagnetic properties [11]. Two types of
single negative metamaterials (SNM), namely mu-
negative (MNG) media and epsilon-negative (ENQG)
media, have received considerable attention within the
scientific and engineering communities [12-14].
However, the physical size of these structures often
makes them impractical for direct implementation in
microwave applications. This limitation was first
addressed in 2002 through the transmission line (TL)
theory approach applied to left-handed materials
(LHMs) [15-16] implemented in coplanar, ribbon, and
microstrip  technologies [17,18]. Two  main
methodologies are generally used to synthesize left-
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handed transmission lines: the dual transmission line
approach [19] and the resonant approach [20].

In this context, several researchers have investigated
the propagation of electromagnetic waves in periodic
transmission line systems inspired by metamaterials
[21,22]. The periodicity of these structures allows the
creation of electromagnetic passbands (EBP), enabling
wave propagation, and electromagnetic bandgaps
(EBQG), in which propagation becomes impossible over
certain frequency intervals. The existence of these
bandgaps was experimentally validated by L.
Dobrzynski et al. in 1998 [23]. The position and width
of these gaps are crucial parameters in the design of
devices intended for reflecting or confining
electromagnetic waves [24]. An effective approach to
exploiting these band gaps in order to improve the
performance of many applications is based on breaking
the periodicity of the structure by introducing controlled
defects. This perturbation leads to the appearance of
localized modes within the band gaps, corresponding to
resonant states confined around the defect. These
modes can be exploited to create selective transmission
channels within the gap [25]. Several studies have
demonstrated the effectiveness of this mechanism of
engineering modes induced by structural and material
defects in periodic structures based on transmission
lines. For example, Yunan Han et al. [26]
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experimentally studied the design of a filter cable based
on a defected conductor layer (DCL) with sawtooth
dumbbell-shaped defected structures (SDDSs) and
surface-mounted device (SMD) capacitors to suppress
electromagnetic interference (EMI). Although this
device has the advantage of distributed filtering along
the cable, its operating range remains limited to
frequencies in the megahertz range, and electromagnetic
simulation of long structures requires significant
computational resources. Furthermore, Stham Machichi
et al. [27] demonstrated the effect of introducing a
heterogeneous defect into a periodic structure by
replacing a central resonator with a composite resonator
formed by two RHM resonators connected in series.
This modification leads to the appearance of localized
electronic states in the bandgaps, whose energies depend
on the parameters of the defective resonator. However,
the structural complexity of the defective resonator
structure can make experimental implementation more
difficult and limit the simple and direct control of
localized modes.

In this article, we propose a new defective device
(see Fig. 1) consisting of a one-dimensional (1D)
periodic structure formed by segments of RHM
transmission lines coupled to ENG transmission line
resonators, in which an RHM resonator is introduced as
a defect at the center of the structure. The transmission
properties of the proposed system are studied
theoretically using the Transfer Matrix Method (TMM).

I" = \\
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The main objective of this study is to generate a
controllable defect mode within a zero-effective-phase
(zero — ¢err) gap, whose position and width remain
insensitive to variations in the structural and material
parameters of the defect, while enabling efficient control
of the frequency, quality factor, group delay (z4), and
group velocity (vg) of the localized mode.

2 System Architecture

In this study, we theoretically analyze a one-
dimensional (1D) periodic system placed between two
semi-infinite dielectric substrates (input substrate: &g, 1,
and output substrate: &, i) and composed of N periodic
cells. Each cell comprises an RHM transmission line
segment of length d,, coupled at its end to an ENG-type
metamaterial transmission line resonator of length d,,
characterized by a negative effective permittivity &, (f)
and permeability u,, imposing the boundary condition
E = 0 at its upper end. This resonator is modeled by a
microwave circuit with localized elements (R, L, C), as
shown in Fig. 1. We have doped this structure with a
finite defective resonator of length d; made of right-
handed material with relative permeability p; and
relative permittivity 5. This device is used to create
defect modes in the bandgaps and to model the
transmission properties in order to finely control the
propagation of electromagnetic waves through the
transmission line.

RHM

Fig. 1. Schematic representation of a periodic transmission line structure containing an RHM defect resonator of length d3 and
composed of N right-handed material (RHM) transmission line segments of length d; coupled to ENG resonators of length d,,

modeled by a circuit with lumped elements (R, L, C).

3 Mathematical Model

In the following, we establish the transmission rate of
the structure illustrated in Fig. 1 using the transfer
matrix method (TMM). The superposition of an incident
electromagnetic wave and a reflected wave allows us to
express the distribution of the electric field inside the
cascaded segments and in the lateral branches using the
following expression:

[ Eq(x) = Age/%0* + Bye /%% ;x <0

E(x,y) = ! E (x) = Aleff"lx + Ble_jf"l" ;0<x<d;
’ E,(y) = Coel%Y + Dye /%Y ;0<y<d,

Eg(x) = Agel®s (x=d1) ;x >dy

(O]

Where a; = ?,/si U; is the wave number in medium i

(i=0, 1,2, s), where c is the speed of light in a vacuum
(m.s™!) and o is the angular frequency (s™1). The
coefficients A,, B,., C, and D, are the amplitudes related
to the electric fields (r=0, 1, s).

The boundary condition (E = 0) at the upper end of
the resonators allows us to write the electric field in the
resonators in the following form:

E,(y) = Gsin(a, (y —d3)) 2
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The boundary conditions at the interfaces (x =
0),(y=d,;)and (x =d,,y =0) between two
coupled media were used to determine the transfer
matrix of the unit cell placed between two substrates of
the system illustrated in Fig. 1. Also, taking into account
in this analysis the respective derivatives (VE;(x))/u;
and (VE ; (y)) /U;, we obtain a matrix formula linking the
coefficients A, and B to the coefficient A; according to
the following matrix equation:

1 1
A 1 3)
<@ _@> (BO) = As My cen <a /H)
Ho Ho 0 sies

Where the transfer matrix of the unit cell is written in
the following simplified form:

az i G M1
e SR —j=5
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With : C; = cos(a; d;) and S; = sin(a;d; ) and i = 1,
2 indicates the index of the media.

Therefore, the transmission rate of the unit cell of the
structure is expressed by:

2
| 2
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T =

Where Z; = ./u;/e; is the characteristic impedance of
medium / for the boundary condition E = 0.

The total transfer matrix of the defective system
shown in Figure 1, containing a defect resonator at site
Jdef » 18 given by:

n=J-1

n=N
My = 1_[ My ceu, - M(Jaer ) 1_[ My cen, ©)
n=1

n=J+1

The elements of the M, matrix of the periodic structure
containing the defect are calculated numerically such
that M(Jger) represents the transfer matrix of the
defective RHM resonator.

The transmission coefficient for the proposed
structure can be expressed in complex form:

ty = R(ty) +J 3(ty) = ltyles® %)

This notation allows the transmission phase to be
identified directly, given by the following equation:

@ = Arctan( 3(ty)/R(tn)) ®)

Therefore, the first derivative of ¢ with respect to the
angular frequency gives the group delay, defined by:

de
tg=— ©
The group velocity of the defective periodic
structure is given by the following formula:

(10)

Where the total length of the structure is L = N.(d; +
dy).

4 Results and Discussion

This section presents numerical results relating to the
propagation of an electromagnetic wave through a
periodic structure composed of N = 17 cascaded unit
cells (see Fig.1), placed between two semi-infinite
substrates characterized by po=ps, =1 and g, =
£,=8.85.10712 (F.m™1). The structure is formed by a
series of right-hand transmission line segments (&; =
2.3; 4y = 1), each with a length d; = 10mm. At each
site J, a metamaterial transmission line resonator is
laterally coupled, imposing the boundary condition E =
0. This resonator is characterized by a length d,, a

permeability u, = 1, and a negative permittivity given
1

by &(f) ~ (Co —m)/(p.so) where p = 4.05
is the dimensionless structure constant, f is the
frequency expressed in gigahertz (GHz), C, =
17.92(pF.m™1) is the capacitance per unit length, and
L = 1(nH) represents the localized inductance. The
periodicity of the structure is broken by the insertion of
a defective resonator of length dj at site Ju.p =9,
consisting of a right-handed material characterized by a
relative permittivity €3 = 2.3 and a permeability p; =
1.

4.1 Transmission properties of the perfect
structure

First, we study the propagation of electromagnetic
waves in the perfect periodic structure (without defects)
consisting of N = 17 unit cells. Each cell is formed by
an RHM segment of length d; = 10mm, coupled to an
ENG metamaterial resonator of length d, = 2mm. Fig.
2(b) shows the variation in eigenfrequencies as a
function of the length d, of the ENG resonator. We
observed the existence of upper and lower branches
(blue curves) corresponding to the passbands (gray
areas), separated by an electromagnetic bandgap (white
area) in which no propagative solution is possible.
Increasing the length d, causes the upper passband to
shift towards lower frequencies, accompanied by a
reduction in the width of the bandgap. This behavior is
confirmed by the transmission spectra shown in Figs. 2
((a) and (c)), corresponding to d, = 2mm and d, =
8mm, respectively. In both cases, the transmission
reaches unity (T = 1) in the passbands and becomes
nearly zero within the bandgap. However, for d, =
2mm, the structure behaves as a wideband stop filter,
blocking a wide frequency range (45 = 3.64GHz) . On
the other hand, when d, = 8mm, the system acts as a
wide passband filter in the frequency range [8 —
16]GHz. These results show that the length d, is a key
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Fig. 2. Variation in frequency of a non-defective periodic structure as a function of: (a) transmission for a resonator length d, =
2mm. (b) the length d, of the ENG resonators. (c) transmission when the resonator length is fixed at d, = 8mm.

parameter for finely adjusting the position and width of
the passbands and bandgaps, which is particularly
interesting for the design of tunable filters [5,28].

4.2 Effect of lengths d;and d, on the

eigenfrequency of the defective structure

Figs. 3((a) and (b)) illustrate the spectral evolution of the
eigenfrequencies of the defective periodic structure
when varying, respectively, the length d; of the
defective RHM resonator and the length d, of the ENG
metamaterial resonators. The gray areas correspond to
electromagnetic passbands (EBPs), where the Bloch
vector is real and wave propagation is allowed through
the periodic structure. In contrast, the white areas
represent electromagnetic bandgaps (EBGs), resulting
from a dual mechanism: (i) the periodicity of the RHM
transmission line segments and (ii) the local resonances
induced by the metamaterial resonators.

First, in Fig. 3(a), we examine the effect of the length
of the defective resonator d5, for a fixed length of the
ENG resonators d, = 2mm. We observe the appearance
of a defect mode, represented by a continuous blue
branch within the bandgap. This mode is extracted from
the upper continuous band when d; = 2mm. As the
length dj increases, the frequency of the defect mode
gradually decreases. For d; > 10mm, this mode ends
up integrating into the lower passband. It is important to
note that this variation does not affect the position or
width of the passbands and bandgaps of the structure.

Next, Fig. 3(b) shows the variation in the length d,
of the ENG metamaterial resonators, while maintaining
d; = 4mm. Unlike in the previous case, the change in
d, mainly affects the dispersion of the periodic
structure. However, the band gap width decreases as d,
increases and the passbands widen. At the same time, an
exponential decrease in resonance frequencies (blue
branches) is observed as d, increases, resulting in a

continuous shift of the defect mode frequency towards
lower frequencies. When d, exceeds 6 mm, the
localized mode integrates into the upper passband.
These results highlight the role of the defective
RHM resonator and ENG metamaterial resonators in the

" E—
~—— — N
— D ‘—\3

Frequency (GHz)

-
o

(IE

-]
-
N
w
N
o
o -
~
@
©o
-
o

-
=

@

-
[N}
w
-~

5 6
d, (mm)

~
@
©
-
=]

Fig. 3. Eigenfrequency of a defect mode as a function of: (a)
the length d5 of the defective RHM resonator when d; =
10mm and d, = 2mm. (b) the length d, of the ENG
metamaterial resonators, with d; = 10mm and d; = 4mm.
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fine engineering of localized modes within the
bandgaps, paving the way for the design of selective
microwave devices, such as tunable filters and high-
quality factor sensors [3,29].

4.3 Effect of the relative permittivity £; of the
defect

In Fig. 4, we examine the effect of the relative
permittivity &3 of the defective RHM resonator on the
resonance frequencies of the periodic transmission line
structure (see Fig. 1), while fixing the following lengths:
d, = 2mm and d; = 4mm. The gray areas correspond
to the electromagnetic passbands (EBPs) of the device,
while the white area defines the -electromagnetic
bandgap (EBQG). It is noteworthy that the variation in
&3 does not affect either the position or the width of the
passbands and bandgaps. This result indicates that the
dispersion of the structure is governed by the periodicity
of the unit cells, rather than by the single defect
introduced into the structure. In contrast, the defect
mode, represented by the blue branch inside the bandgap
in the frequency range [10.64 — 13.20]GHz, shows a
strong dependence on £5. More specifically, the increase
in the relative permittivity of the defective resonator
leads to a monotonic decrease in the frequency of the
localized mode. This shift towards lower frequencies
can be explained by the increase in the effective index
and optical path of the defective resonator, which
reduces its natural resonance frequency. Thus, the
permittivity of the defective resonator acts as an
effective tunability parameter that allows precise control
of the frequency position of the transmission peak of the
defect mode, without disturbing the dispersion spectrum
imposed by the periodicity of the system.
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Fig. 4. Illustration of transmission maxima as a function of
the relative permittivity €5 of the conventional defect
resonator, with d, =2 mm and d3 =4 mm.

4.4 Defective transmission spectra for different
defect lengths d;

In this section, we study the transmission induced by the
defective resonator inserted at the center of the periodic
structure (see Fig.1). Figs. 5((a)-(c)) show the
transmission spectra in the frequency range [8 —

16]GHz for different lengths d5 of the defect resonator,
while keeping the geometric parameters of the device
constant (d; = 10mm and d, = 2mm ). The three
transmission curves show the existence of two broad
passbands (T = 1), located respectively in the intervals
[8 — 9.95]GHz and [13.63 — 16]GHz. These bands are
separated by a wide bandgap (T = 0) of constant width
4y = 3.68 GHz , which is insensitive to variations in the
length d5. However, within this bandgap, a narrow and
highly localized peak clearly appears, associated with
the defect mode generated by the introduction of the
RHM resonator into the periodic structure. The
frequency position of this mode shifts towards lower
frequencies as the length of the defect increases. Indeed,
for d; =2mm, a total transmission peak (T=1) is
observed at the resonance frequency f; = 13.51GHz,
with a quality factor Q; =~ 1228.18 (see Fig. 5(a)).
When the defect length is increased to d; = 4mm, the
peak shifts to f, = 12.84GHz and has a higher quality
factor Q, = 1284, while maintaining unit transmission.
On the other hand, for d; = 8mm, the peak appears at
fz = 10.93GHz with a slight decrease in its amplitude
(T = 0.83)and a reduction in the quality factor to Q3 =
1214.44. This degradation can be explained by the
distance of the resonance frequency of the defect mode
from the center of the bandgap, which strengthens the
coupling with the extended modes of the passbands and
reduces the confinement of the electromagnetic field.
Thus, the length of the defective resonator is a key
parameter for precisely controlling the intensity,
frequency position, and quality factor of the selective
transmission  channel  activated  within  the
electromagnetic bandgap (EBG).
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Fig. 5. Transmission spectra as a function of frequency for a
structure composed of N = 17 -unit cells, containing at site
Jaef = 9 a defect resonator of length d;(2mm, 4mm, 8mm)
characterized by a permittivity e3 = 2.3.

4.5 Unwrapped phase of transmission for the
defective structure

Now, we analyze the effect of the length of the defective
resonator on the unwrapped phase response spectrum of
the proposed defective periodic structure (see Fig. 1),
setting d; = 10mm and d, = 2mm. The graphical
representation of the unwrapped phase of transmission
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as a function of frequency (in GHz) is shown in Figs.
6((a) and (b)) for different lengths of the defect resonator
(d; = 2mm,4mm ,and 8mm). The results highlight
the negative behavior of the phase over the frequency
band studied [8 — 16], reflecting the phase delay
accumulated by the signal as it propagates through the
device. Analysis of the spectrum reveals three spectral
areas. In the first bandwidth [8 — 9.95] GHz, the phase
decreases in an almost linear manner and exhibits
identical behavior for the three values of d5, indicating
an efficient propagation regime with little disturbance
from the presence of the defect. In the bandgap, the
phase slope undergoes a slight variation, reflecting a
nearly horizontal plateau where transmission is greatly
attenuated. However, the introduction of the defect
resonator induces a resonance peak localized within this
bandgap, clearly visible in Fig. 6. (b). It can be seen that
increasing the length d; (from 2 mm to 8 mm) causes
this phase peak to shift towards lower frequencies.
Finally, in the second bandwidth [13.63 — 16] GHz, the
transmission phase response shows a sharp decline with
a steeper slope than in the first band. In addition, a shift
between the curves corresponding to the different values
of d5 also appears, reflecting the influence of the defect
on the system response near the upper edge of the gap.
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Fig. 6. (a) Unwrapped phase of transmission as a function of
frequency for three defect resonator lengths d; =

2mm, 4mm , and 8mm. The structure exhibits two
passbands separated by a bandgap. (b) Zoom of the bandgap
region illustrating the effect of length d3 on the phase
response.

4.6 Influence of the length of the defect
resonator on the group delay_z,

The group delay curves are shown in Figs. 7((a)-(c)) as
a function of frequency (in GHz) for three defect
resonator lengths(d; = 2mm, 4mm,and 8mm). It
should be noted that for these different configurations,
the group delay remains below 7,< 53ns in the first
passband, while in the second passband it does not
exceed 7, = 14.79ns, which reflects normal signal
propagation. However, in the bandgap [9.95 —
13.63] GHz, the group delay becomes highly sensitive
to the presence of the defect mode. In this area, peaks
appear (circled in red), associated with localized
resonances induced by the defective resonator. As the

length of the defect increases, the frequency position of
these peaks shifts towards lower frequencies, while the
amplitudes tend to increase. Outside the resonance
frequency, the group delay remains almost zero in the
bandgap and its value increases slightly from 0.23ns to
0.26ns as the length of the defect increases from d; =
2mmto d; = 8mm. A remarkable characteristic
appears in configuration (a), where the absence of the
negative peak of the defect mode indicates that the phase
variation around the resonance remains monotonic. This
characteristic leads to a positive derivative of the phase
and therefore a strictly positive group delay, reflecting a
stable and highly confined resonance regime. In
contrast, in configurations (b) and (c), the appearance of
a positive peak followed by a negative peak reveals a
stronger interaction between the localized mode and
neighboring spectral modes. This interaction leads to a
more abrupt and locally non-monotonic variation in
phase. Thus, the difference between the quasi-zero
group delay in the bandgap and the defect mode
confirms that only localized resonance allows
significant transmission in this area and that the length
d of the defect resonator allows fine adjustment of the
delay induced by the resonance and effective
modulation of the temporal response of the device.
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Fig. 7. Variation of the group delay as a function of
frequency for different lengths of the defect resonator: (a)
d3=2mm, (b) d3=4mm, and (c) d3=8mm. The peaks
highlighted (red circles) correspond to the resonances of the
defect mode, while the areas surrounded by blue indicate the
value of the group delay in the bandgap.

4.7 Variation in relative group velocity_v, of the
defect mode

Figs. 8((a)-(c)) show the variation in relative group
velocity as a function of frequency (in GHz) for different
lengths of the defect resonator inserted into the periodic
transmission line structure (see Fig. 1). In both
passbands, the group velocity remains positive and
reaches minimum values (vg <0.5 c), reflecting the
real propagation of information carried by the incident
signal under the effect of external excitation. Within the
bandgap, the group velocity gradually increases towards
its maximum value (vg ~ 3.08 c) at the center of the
gap for the three  configurations (d; =
2mm, 4mm, 8mm). This increase does not reflect
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propagative transmission, but is the analytical
consequence of the small variation in group time with
frequency. However, at the defect mode, there is a sharp
drop in group velocity, indicating the only real transport
of the signal within the band gap. This decrease means
a marked slowdown due to the temporary confinement
of the electromagnetic wave in the defective resonator.
As the length d; of the defect increases, the frequency
position of this local decrease in velocity shifts toward
lower frequencies and the intensity of the slowdown
becomes more pronounced. Thus, the length d; acts as
a direct control parameter for the propagation dynamics
within the gap. As a result, our device allows precise
adjustment of information transport through simple
geometric modification, paving the way for promising
applications such as high-frequency resolution selective
filters [S] and slow-wave photonic or microwave
devices [30].

Defect,

Relative Group Velocity

8 10 12 14 16
Frequency (GHz)

Fig. 8. Relative group velocity as a function of frequency
illustrating the effect of the length of the defective resonators
d; on the dynamics of the localized defect mode in the
bandgap.

5 Conclusion

In summary, we studied the propagation of
electromagnetic waves in a transmission line based on a
one-dimensional periodic structure using the Transfer
Matrix Method (TMM). The perfect structure consists
of a succession of coupled RHM segments, each site
coupled by a lateral ENG transmission line resonator. A
defect is introduced by replacing the central resonator
with an RHM transmission line resonator. Numerical
analysis shows that the integration of this defect induces
a localized defect mode within the bandgap with zero
effective phase (zero — ¢berr). This mode manifests
itself as a maximum transmission peak (T = 1) and a
high quality factor (Q = 1284) for d; = 4mm and
&3 = 2.3, while the position and width of the gap remain
insensitive to the parameters of the defective resonator.
It is shown that the frequency of the defect mode shifts
towards lower frequencies (in GHz) as the length of the
defect or its relative permittivity increases. Furthermore,

a remarkable feature of the proposed structure is the
adjustment of the delay and velocity of the signal within
the bandgap. These properties allow engineers to design
a filter with specific response characteristics that
facilitate signal control, highlighting the potential of the
proposed device for integrable microwave applications.
As future perspective, we suggest improving the
compactness and operating frequency range of this
system by introducing other types of geometric defects
and materials.
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