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Abstract. In this study we have reviewed a very important variant of graph
domination theory that is connected certified domination (CCD) and also
presents CCD as graph-based model for network optimization. CCD is the
minimum set of vertices that dominates all other vertices also satisfies
certification condition and induced connected subgraph. Connected certified
domination is actually a combination of three very important variant like
domination, certification, and connectivity. In this paper we have addresses
the algorithmic and computational complexity of the CCD decision problem,
confirming its NP-completeness for general graphs and polynomial-time
solutions for restricted classes. Also, we have analysed the structural
properties of graphs considering CCD, examining extremal graphs and
results of the Nordhaus-Gaddum type. The characterization of connected
certified domination number for fundamental graph classes, including
explicit formulae for paths P, and cycles C,, and explore its relationships
with other classical domination parameters such as domination number and
connected domination number we surveyed in this paper. CCD have
applications in secure and fault-tolerant network design, this review
integrates the key theoretical developments across various side of the field.
Also we have given an algorithm, supported by flowchart representation, for
computing connected certified domination number which is useful in many
network optimization problem. This paper also highlights CCDN as a
mathematical modelling tool, CCDN as a combinatorial optimization
problem and its application in network. Finally future research direction are
also identified.
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1. Introduction

In graph theory a lot of variations of domination have emerged by commanding
additional constraints on the dominating set or its complement. This review focuses on one
such modern variation that is Connected certified domination. Graph domination theory is a
very important and dynamic field in graph theory, beginning with the classic problem of
fixing a minimum number of queens on a chessboard to dominate all squares [1], [2].

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons
Attribution License 4.0 (https://creativecommons.org/licenses/by/4.0/).



EPJ Web of Conferences 376, 06004 (2026) https://doi.org/10.1051/epjconf/202637606004
ICRAMEN 2026

The concept of CCD was introduced by Dettlaff et al. (2020) and has since gained
attention due to its structural and algorithmic significance Certified domination is a recently
introduced type of domination that imposes stricter local neighbourhood conditions on
dominating vertices. A certified dominating vertex must either dominate no vertices outside
the dominating set or dominate at least two such vertices while classical domination does not
focus on certification and connectivity condition. Concept of CCD further strengthens by
requiring the certified dominating set to induce a connected subgraph. Applications of
certification like, fault-tolerant systems, communication networks and infrastructure design
where domination ensure both redundancy and connectivity. In the recent research by Ilyass
and Kumar (2024) they have introduced bounds, structural properties, Nordhaus—Gaddum
type results and computational complexity of connected certified domination.

In recent studies of certified domination, through the analysis of domination criticality
by considering vertex removal also under the redundancy constraints have improved the
understanding of domination. The characterization of certified domination critical graphs
provides important insights into connected certified domination, its stability, and extremal
properties for graph classes like trees, cycles, and bipartite graphs. This work also establishes
theoretical foundation for further finding requirement of robustness and connectivity in
domination-based network models [17].

1.1 Definition and Notation

Consider graph G= (V, E) and subset of vertices Z €V is a dominating set if each vertex of v
€ Z€ is adjacent to at least one vertex in Z. The minimum cardinality of a dominating set is
the domination number, denoted by y (G). Certified domination was introduced to address
scenarios requiring both coverage and validation or redundancy within the dominating set
[3]. A dominating set D is a certified dominating set if every vertex u € D, | N(u) n (V'\
D) |=0or 2.

The minimum cardinality of a certified dominating set is the certified domination number
[3]. The concept of Connected Certified Domination introduces an additional connectivity
constraint, which is often crucial in network applications where the dominating entities must
be able to communicate or cooperate effectively [4], [S].A certified dominating set D is a
Connected Certified Dominating Set (y5,,-set) if the subgraph induced by D, denoted G[D],
is connected [4].The minimum cardinality of a connected certified dominating set is the
Connected Certified Domination Number (CCDN), denoted by y 5.

This parameter is highly relevant in modelling secure and connected surveillance or
monitoring networks. The certified condition ensures redundancy (protection against single
point of failure) for monitored areas/vertices, and the connected condition ensures that the
monitoring stations (vertices in D) can communicate with each other [4].

2. Literature Review on Connected Certified Domination (CCDN)

The research on CCDN expanded rapidly. Here we have added the characterizing number
for various graph classes, properties and algorithmic complexity of CCDN

2.1 Characterization in Graph Classes

A lot of part of research has been devoted to finding the exact value of y5, for fundamental
graph classes, always by providing constructive proofs for the minimum set.

In graph theory paths and cycles form the most fundamental classes and serve as reference
point for domination-related parameters. For paths P,and cycles C,, the CCDN has been
determined exactly. For all n > 4, it has been shown that
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Yeer(P) = Yéer(Gr) =,
This shows that every vertex must be included in any connected certified dominating set.
This character occur from the degree constraints enforced by certified domination, which
preclude the existence of half-shadowed vertices in low-degree structures such as paths and
cycles [4]. On the other hand, complete graphs exhibit the contrary extreme. For a complete
graph K, with n > 3,
Yeer(Kn) = 1,

Here for complete graph single vertex dominates all others, also satisfies the certified
condition, and 7 induces a connected subgraph. This properties highlight that CCDN values
are affected by vertex degree and redundancy [16].

2.2 Tree structures and bipartite graphs

Trees and bipartite graphs gives good and detail results because of good structural variety.
For trees the distribution of leaves, weak and strong supports is closely related to the CCDN
of trees. In eliminating half shadowed vertices in trees leaves adjacent to weak support play
important role while every connected certified dominating set includes all strong support
vertices [8].

CCDN of bipartite graph especially with restricted structures depends strongly on how
domination is distributed across the bipartition. Bipartite graph with sparse connectivity
require even or large full vertex set to manage the condition of certification and connectivity
[9]. Recent research has demonstrated that connected certified domination for bipartite
graphs affects local degree asymmetry.

2.3 Behaviour under graph operations

Behaviour of connected certified domination number y&, under graph operations is
necessary for analysing large or composite network structures. Usually graph operation
changes degree distributions, adjacency relation which affect the size and structure of
connected certified dominating sets.

2.3.1 Join of Graphs

Let G + H be the join of two graphs, where each vertex of Gis adjacent to every vertex of H,
it has been shown that the CCDN is often very small. In many cases,

Vér(G +H) < 2.
The reason is selecting one suitably chosen vertex from each component is sufficient to
dominate all vertices while satisfying both the certified domination and the connectivity
requirement. These results shows how global connectivity enhancement significantly reduces
domination requirements in graphs [3], [4].

2.3.2 Splitting graphs and middle graphs

Splitting graphs and middle graphs are derived by subdividing edges or introducing new
vertices corresponding to vertex—edge incidences. Studies on such derived graphs,
particularly those constructed from paths and cycles, demonstrate that even small local
structural changes can substantially affect the connected certified domination number. These
study underlines the effect of the structural transformations and local degree variations on
certified domination [16], [13],[11].
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2.3.3 Products of graphs

In modelling interconnection and parallel-processing networks graph products like the
Cartesian product GOHand the lexicographic product G - H are fundamental. In these graph
products connected certified domination shows how domination properties promote across
repeated or layered structures. Exact values of y& are known for certain graph products,
while most results provide bounds and constructive strategies, shows that the increased
complexity introduced by multi-dimensional graph architectures [9].

2.4 Relationship with other domination parameters

Here we discuss several graph parameters that are strongly related to CCDN. This
relationship gives good structural understanding of domination parameter and fundamental
bounds for the same.

2.4.1 Bounds and comparative analysis

As per definition a CCD set satisfies the properties of a dominating set, a certified dominating
set, and a connected dominating set. Consequently, for any graph G, the following
inequalities hold:

Y(G) < Yeer(G) < Ve (G),

Y(G) < v(G) < Veur(G),
where ¥ (G), ¥eer (G), and y,(G) are the domination number, certified domination number, and
CCDN of G, respectively [1], [3], [4]. Several studies have focused on characterizing graph
classes for which these parameters coincide, thereby identifying precise structural conditions
under which equality holds [7], [16].

2.4.2 Relationship with certified perfect domination

The Certified Perfect Domination (y%,.(G)), requires that every vertexin V \ D be dominated
by exactly one vertex of D, while upholding the certified property. This condition motivate
comparative investigations between y’.(G)and y&,.(G), resulting in new bounds and
highlighting uniqueness of domination and connectivity constraints [14], [15].

2.4.3 Relation to total certified domination

Total Certified Domination is closely related concept, where the induced subgraph contains
no isolated vertices. This condition strengthens the redundancy requirement within the
dominating set. Comparative studies on total certified domination and CCDN gives valuable
views into the robustness and internal connectivity of dominating structures in networks [3],
[13]. This condition improves the redundancy requirement within the dominating set.

2.5 Structural properties and extremal graphs

In recent study of CCDN it has extensively examined that how structural properties of
graphs impact the magnitude of the connected certified domination number, with special

attention on extremal behaviour.
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2.5.1 Criticality and stability:

The dominating structure is highly sensitive, as every vertex and edge plays a crucial role in
maintaining domination, connectivity and certification condition. Consider path graph P,:
V,_V,_V3_V,, for this graph CCD set is {v, 3} , Veer(P4) = 2. Now remove vertex v, then
Veer(Py — v3) > 2, therefore P, exhibits vertx critical behaviour.

A significant line of research investigates critical and stable graphs, where the addition or
deletion of a single edge or vertex leads to a change in the CCDN. Such graphs are referred
to as connected certified domination edge-critical or edge-stable graphs. These studies reveal
the sensitivity of CCDN to local structural modifications and contribute to the understanding
of domination stability in networks [16].

2.5.2 Nordhaus—Gaddum type results:

Nordhaus—Gaddum type inequalities play an important role in extremal graph theory. In the
study of CCDN, researchers have derived bounds for the sum and the product of the
parameter for a graph Gand its complement G, such as

Yer(G) +¥&:(G) and  y&,(G) - vE(G),

Thereby establishing relationships between domination properties of complementary graph
structures [1], [4].

2.5.3 Characterization of extremal values:

Extremal cases when yg,.(G) = lor ¥5.(G) = n, have been determined by identifying graph
structures that either minimize or maximize the CCDN. These characterizations provide
important criteria and increase theoretical understanding of domination parameters [4], [7].
Vertex Certified Domination Critical Graphs: In the structural study of certified domination
it forms an important class. If the removal of any vertex v € V(G) strictly decreases the
certified domination number, that is, Yeer (G — V) < Veer(G) then graph Gis said to be vertex
certified domination critical (or y.eq-critical) graph. These graphs proves the effect of
certified dominating sets to vertex deletion and provide perspective on stability of domination
parameter. A complete study of this class has been developed using concept of private
neighbourhoods and the shadowed vertices, leading to necessary and sufficient structural
conditions for domination criticality. Although these findings are obtained without
connectivity restrictions, they provide a foundational framework for extending criticality
concepts to connected certified domination, where similar characterizations are still largely
unexplored [17].

2.6 Algorithmic and computational complexity

Because of CCD relevance in theoretical and applied contexts the computational complexity
of CCDN has attracted attention.

2.6.1 NP-Completeness: The complexity of deciding whether a graph G satisfies

¥&,(G) < kfor a given integer k has been proven to be NP-complete for specific classes of
graphs. These results demonstrate the inherent computational difficulty of the CCDN
problem and place it alongside other hard domination-related problems [5], [13].
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2.6.2 Exact algorithms and heuristic methods. For restricted classes of graphs,
polynomial-time algorithms exist for computing CCDN. However, for general graphs,
researchers have proposed heuristic and approximation algorithms to obtain near-optimal
solutions, particularly for large-scale instances, although optimality cannot always be
guaranteed [5], [13].

2.6.3 Integer linear programming formulation: An alternative approach models the
CCDN problem as an ILP formulation. This allows the exact computation of CCDN values
for small- and medium-sized graphs using standard optimization solvers and serves as a
indicator for evaluating heuristic methods [13].

3. Algorithmic approach for computation of Connected certified
domination number

Start ‘

Input : undirected graph G = (V, E) and select subset 5 =V

) U
Domination Check
for all ue VA5, N{u)S # @
Reject S Check for certified condition
Select new S and repeat process

Il

INCu) n (WV\S)| = 0 or [N(u) n(W\S)| = 2

I 11

Mo, Reject 5 Yes
Select new S and Check for connectivity
= w of GIS1

G{[5]) = (5. E5)
Where E_ = {(u,v) € E,u“u rES

If No, reject 5 If yes then 5 is connected
certified dominating set

Minimum 5 gives connected certified
domination number (CCDN) y2(G)

Forallue§,

Fig 1: Flowchart of algorithmic framework to compute connected certified domination number
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Consider undirected graph G = (V, E), to form minimum connected certified dominating set
S €V, define CCDN y£..(G).

Check for domination: G = (V,E) And S SV then S is dominating set if for all
ue V\S, N(u)NS#@, Where N(u) is neighbourhood with at least one vertex from S . Every
vertex outside the set is adjacent to vertex in S

Check for certified condition: For allu € S ,IN(u) n (V\S)| = 0 or [N(u) n (V\S)| = 2,
Where N(u) is set of all vertices adjacent to u and V\

S is set outside dominating set.Therefore N(u) N (V\S) represents neighbourhood of
ugs

Check for connectivity of the subgraph G(S): Let us consider|V| =n foralln € N,
Consider set S to be dominating if for all v €V\S such that [N(v) NS] #@, Further satisfying
this condition, For domination declare S to be dominating and check for certified condition,
For all u € S, evaluate some k = {N(u) n V\S} Condition for k is eitherk = 0 or k = 2,
further check for connectivity of S, by considering for anyG = (V,E), S €V, then G(S) =
(S,E;),Where Eg ={(u,v) € E/u,v € S}.Therefore G(S) is connected, For all u,v € S
there exist path in G(S) connecting u and v.

4. A Mathematical modelling approach of connected
certified domination

Graphs are frequently used to visualize and study networks. In such models the vertices are
the different elements of the network and the edges are the relationships between them. As
an example, in wireless sensor network, the sensors can be represented by vertices and
communication links between sensors can be represented by edges [1], [17]. Connected
certified domination can be described as a monitoring problem. Consider a large area with
sensor nodes positioned for environmental monitoring. If all sensors were active as
surveillance stations, it would increase the cost and energy consumption. Instead, a smaller
set of sensors can be selected such that each node is monitored either directly or indirectly
by a neighbouring monitoring node. At the same time, the selected monitoring nodes should
be remained connected to permit information exchange in the network. The bare minimum of
these monitoring nodes needed in the network is represented by the Certified Connected
Domination Number (CCDN). The certification condition adds a higher level of
dependability by avoiding inadequate monitoring setups, the domination condition ensures
coverage of every node, and the connectivity condition sustains communication among
chosen nodes.

As a result, CCDN can be proposed as a graph-based optimization model for network design
issues. Reducing resource utilization while maintaining a proper coverage and connection
could be achieved by forming a minimum certified connected dominating set. These
characteristics make CCDN potentially useful in communication infrastructures, surveillance
systems, wireless sensor networks, and other monitoring scenarios [6],[7],[12],[19].

4.1 The combinatorial optimization problem of CCDN

Assume that the graph G = (V, E) is connected. Describe a decision variable that is binary.
If vertex v; is part of the CCDS, x;= 1; otherwise, x; = 0. Reducing the size of the
connected certified dominating set is the goal:

Reduce Zx;

subject to constraints listed below:
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(i) Constraint on Domination: There must be at least one selected vertex next to each
vertex that was not chosen in the CCDS.

(i1) Constraint on Connectivity: The chosen vertices must continue to form a linked
subgraph.

(iii) Constraint on Certification: Every vertex in the CCDS must either have a minimum of
two neighbours outside the set or none at all.

This approach focuses CCDN as a combinatorial optimization issue with the simultaneous
requirements for certification, connectivity, and domination. As result, creating optimal
techniques for CCDN calculation continues to be a crucial area of graph optimization
research [18],[13].

5. CCDN's Network Applications

Connected certified domination can be extremely helpful for real-world network modelling
and optimization. A CCDS can serve as a virtual network backbone for effective
communication in wireless sensor networks while utilizing less energy [9]. While the
certification criterion offers redundancy and improved fault tolerance, the connection
requirement ensures communication between specific nodes. CCDN helps to determine the
minimum number of monitoring locations essential in surveillance and monitoring systems
in order that all network components can be observed while communication between
monitoring units is maintained [10]. Communication networks, emergency communication
systems, social networks, and infrastructure protection systems all have parallel uses. Apart
from that, by identifying key components that preserve operational performance even in
situations of node failures, CCDN-based models strengthen network resilience. Moreover,
by identifying key components that preserve operational capability even in a situation of node
failures, CCDN-based models enhance network resilience. CCDN is a significant
mathematical tool for network design and optimization because of these characteristics [12],
[20].

6. Conclusion and future directions

Connected certified domination is developing a very important variant of domination that
integrates redundancy requirements and connectivity constraint of certified domination and
connected domination respectively. Existing research have provided bounds, structural
properties, and algorithmic view for various graph classes [1], [3], [4], [7]-

Although significant progress has been made in this area, many open problems still exist
including the determination of tighter bounds for CCDN based on other graph invariants and
degree parameters. Designing efficient exact and approximation algorithms for graph classes
where the problem remains computationally intractable. Exploring CCDN-based models in
communication, biological, and social networks, and comparing their performance with
classical domination parameters. As per the data available Nordhaus—Gaddum type bounds
have not yet been established for certified domination or connected certified domination
numbers, this is a significant gap between classical domination theory and its certified and
connectivity-constrained variants [17]. In the papers of criticality and stability [16, 17]) there
is analysis of vertex/edge removal, but there is no research on graph complements. These
directions emphasize the continued theoretical importance and practical potential of CCD in
graph theory.
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