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Abstract. We investigate how the placement of the cold-bath coupling site 

governs the steady-state particle current in a boundary-driven bosonic chain 

with power-law hopping. The current is shown to exhibit site-resolved 

nonmonotonicity as a function of the hopping exponent a, with a peak 

appearing only when the exit site coincides with a node of a dominant 

eigenstate of the system Hamiltonian. The result suggests a simple node-to-

current correspondence that can be used as a guide for engineering current 

routing in long-range quantum networks. The present proceeding reports the 

numerical observation and its physical interpretation, and outlines future 

work needed to establish the scaling and analytic mechanism in larger 

systems. 

1 Introduction 

Boundary-driven open quantum systems are a standard setting for studying nonequilibrium 

transport. In such systems, injection and extraction reservoirs maintain a steady current, while 

coherent hopping and dissipation determine the spatial current profile and the nonequilibrium 

steady state (NESS) [1-3] within the open quantum system framework [4]. A central question 

is how transport changes when the coherent Hamiltonian is not short ranged, but instead 

contains couplings that decay algebraically with distance. 

This question is experimentally relevant because long-range interactions and hopping 

processes can be engineered in several quantum-simulation platforms. Trapped-ion 

experiments have demonstrated tunable algebraically decaying spin interactions and nonlocal 

propagation of correlations [5,6]. Dipolar molecules and Rydberg arrays provide 

complementary settings in which long-range coherent dynamics and site-resolved control can 

be realized [7,8]. These developments make it natural to ask how the pla cement of reservoirs, 

not only the strength of reservoirs, affects transport in long-range systems. 

In the first proceeding of this series [9], a boundary-driven chain with power-law coupling 

was analyzed in a single-particle description. A key numerical observation was that the 
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current as a function of the power-law exponent a can be nonmonotonic for some choices of 

the exit site. However, Ref. [9] only considers single-particle model and thus does not take 

into account many-body effects from the dissipators. The present proceeding revisits this 

exit-site dependence of the particle current using the covariance-matrix in the full bosonic 

many-body description. We provide a brief physical interpretation in terms of eigenmode 

overlaps and nodes. A complete proof of the proposed mechanism, including large-system 

scaling, is left as future work. 

The paper is organized as follows. Section 2 defines the model. Section 3 sets up the 

covariance-matrix (Lyapunov) formulation and the eigenstate decomposition of the current. 

Section 4 presents results and discussions. Section 5 is the conclusion. 

2 Model 

We consider a clean one-dimensional chain of length 𝐿 that can facilitate bosonic modes with 

power-law hopping. With ℏ = 1 the Hamiltonian is 

𝐻 = − ∑
𝐽

|𝑛 − 𝑚|𝑎

𝑛<𝑚

(𝑎𝑛
†𝑎𝑚 + H. c. ), (1) 

where 𝑎𝑛
†
 and 𝑎𝑛 are bosonic creation and annihilation operators at site 𝑛, and the hopping 

rate 𝐽𝑛𝑚  =
𝐽

|𝑛−𝑚|𝑎 decays as a power law of the inter-site separation with exponent 𝑎 ≥ 0; 𝐽 

sets the energy scale. The limit 𝑎 → ∞ recovers the nearest-neighbour chain, while 𝑎 =  0 

gives all-to-all (complete-graph) hopping. Since [𝐻, 𝑁] = 0 with 𝑁 = ∑ 𝑎𝑛
†𝑎𝑛𝑛  the total 

number operator, the closed system conserves excitation number; current flows only because 

of the reservoirs. 

The chain is coupled to two Markovian baths through the Gorini-Kossakowski-

Sudarshan-Lindblad (GKSL) master equation [10,11] 
𝑑𝜌

𝑑𝑡
= ℒ𝜌 = −𝑖[𝐻, 𝜌] + 𝜇in𝒟[𝑎1]𝜌 + 𝜇ₒᵤₜ𝒟[𝑎𝑙]𝜌, (2) 

where the dissipator is 𝒟[𝐿]𝜌 = 𝐿𝜌𝐿† −
1

2
{𝐿†𝐿, 𝜌}. The hot bath injects particles at site 1 at 

rate 𝜇in, and the cold bath extracts particles at the exit site 𝑙 at rate 𝜇out. The placement of 𝑙 
is the geometric control parameter studied in this work. 

The observable of interest is the steady-state particle current, defined as the rate at which 

the cold bath removes particles [12], 

𝐽 = −Tr(𝑁𝒟out𝜌NESS) = −𝜇outTr(𝒟[𝑎𝑙]𝜌𝑁𝐸𝑆𝑆) = 𝜇out𝐶𝑙𝑙 , (3) 

where 𝜌NESS is the steady state density matrix obtained from 
𝑑𝜌

𝑑𝑡
 =  0, and 𝐶𝑛𝑚 = ⟨𝑎𝑛

†𝑎𝑚⟩ =

Tr(𝑎𝑛
†𝑎𝑚𝜌NESS) is the covariance (correlation) matrix. The compact final form follows from 

the bosonic commutation relation [𝑎𝑛, 𝑎𝑚
† ] = 𝛿𝑛𝑚. The current is thus read off directly from 

the diagonal covariance element at the exit site. 

3 Covariance-matrix formulation and eigenstate decomposition 

3.1 The Lyapunov equation 

Because both 𝐻 and the jump operators are at most quadratic in the mode operators, the 

dynamics closes on the level of two-point functions. Differentiating 𝐶𝑛𝑚 with the master 

equation (2) and using the bosonic algebra gives a linear equation for the covariance matrix, 
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𝐶̇ = 𝐴𝐶 + 𝐶𝐴† − 𝑃. (4) 

The NESS condition 𝐶̇ = 0 results in a continuous Lyapunov equation, 

𝐴𝐶 + 𝐶𝐴† = 𝑃, (5) 

with the drift and source matrices 

𝐴 = −𝑖ℎ +
𝜇in

2
|1⟩⟨1| −

𝜇out

2
|𝑙⟩⟨𝑙|, 𝑃 = −𝜇in|1⟩⟨1|, (6) 

where ℎ is the 𝐿 × 𝐿 single-particle hopping matrix with entries ℎ𝑛𝑚 = −
𝐽

|𝑛−𝑚|𝑎 for 𝑛 ≠ 𝑚 

and zero on the diagonal. Equation (5) holds for any quadratic Hamiltonian and is solved in 

a single linear step, in contrast to solving the full 𝐿2 × 𝐿2 Lindbladian. It is the many-body-

exact statement for the two-point functions: no truncation of the Fock space is involved, and 

the current (3) follows from a single element of its solution, 𝐶𝑙𝑙. 

The single-particle treatment of Ref. [9] is recovered by replacing the bosonic operators 

with their projections onto the one-excitation manifold, 𝑎𝑛 → |0⟩⟨𝑛| and 𝑎𝑚
† 𝑎𝑛 → |𝑚⟩⟨𝑛|. 

This yields a Lyapunov equation of the same algebraic form but with a different drift matrix, 

and the two descriptions coincide in the dilute limit 
𝜇in

𝜇𝑜𝑢𝑡
≪ 1 so that 𝑁 ≤ 1. Throughout this 

paper we work with the many-body covariance matrix, which is correct for all injection rates. 

3.2 Eigenstate decomposition of the current 

To expose the geometric content of the current we expand in the eigenbasis of the Hermitian 

hopping matrix, ℎ|𝜑𝑘⟩ = 𝜀𝑘|𝜑𝑘⟩, with real eigenvalues 𝜀𝑘 and real, orthonormal 

eigenvectors whose site amplitudes we write as 𝜑𝑘(𝑛) = ⟨𝑛|𝜑𝑘⟩. A node of eigenstate 𝜑𝑘 is 

a site 𝑛 at which this amplitude vanishes. 

 

Fig. 1. Particle current 𝐽 versus the hopping exponent 𝑎 for several exit sites 𝑙, for 𝐿 = 5 chain, 

computed from the many-body Lyapunov equation (4). Exit sites that a dominant-mode node crosses 

(interior sites) show a peak at a finite 𝑎∗; the end-to-end case 𝑙 = 𝐿 is monotonic, while the other 

cases (except 𝑙 = 3; center exit) is peaked. 

Writing the covariance matrix in the eigenbasis, 𝐶𝑗𝑘 = ⟨𝜑𝑗|𝐶|𝜑𝑘⟩, and solving equation 

(5) mode by mode gives, in the weak-dissipation regime where the baths perturb the spectrum 

only weakly, 

𝐶𝑙𝑙 ∝ ∑
𝜑𝑗(1)𝜑𝑗(𝑙)𝜑𝑘(1)𝜑𝑘(𝑙)

𝐷𝑗𝑘  
 

𝑗,𝑘

, (7) 
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where 𝐷𝑗𝑘  is a positive denominator set by the bath rates and the eigenvalue difference 𝜀𝑗 −

𝜀𝑘. This expression is not used as a rigorous closed-form solution, rather its role is to 

expose the effect exit site placement.  From equation (7) we learn that the current 𝐽 =
𝜇out𝐶𝑙𝑙  is a sum of contributions, each weighted by the product of the eigenstate amplitudes 

at the injection site and at the exit site. An eigenstate can carry current only if it has 

appreciable weight at both site 1 and site 𝑙. Conversely, if the exit site is a node of an 

eigenstate, that eigenstate is silent at the exit and drops out of the sum. 

4 Results and Discussions 

As the exponent 𝑎 is varied, the eigenvalues and eigenvectors of ℎ evolve continuously. At 

large 𝑎 the spectrum is that of the nearest-neighbour chain, with smooth sinusoidal 

eigenstates; at small 𝑎 the long-range tails reshape the modes and, in particular, push one 

extremal eigenvalue far from the rest. We call the corresponding eigenstate the dominant 

eigenstate 𝜑𝑑: it is the mode whose contribution in Eq. (7) is least suppressed by the 

denominator and therefore controls the magnitude of the current. 

Holding the exit site fixed and sweeping 𝑎, the dominant-mode contribution to the current 

behaves as 𝐽(𝑎) ∼ 𝜑𝑑(1)𝜑𝑑(𝑙)/𝐷𝑑. The amplitude 𝜑𝑑(1) at the injection site is generically 

nonzero and varies slowly. The exit amplitude 𝜑𝑑(𝑙), by contrast, can change sign as 𝑎 is 

tuned: a node of 𝜑𝑑 sweeps across the chain. When a node passes through the exit site at 

some exponent 𝑎∗, the dominant contribution is momentarily quenched, and the current is 

instead dominated by subleading modes. This crossover produces the nonmonotonic profile, 

that is, containing an extremum at finite 𝑎∗; as reported in Ref. [9]. 

Figure 1 indicates that transport peak appears in 𝐽(𝑎) if 𝑙 is not located at the end of the 

chain. That is, at exit site 𝑙 if some eigenstate that carries weight at the injection site develops 

a node that crosses site 𝑙 over the accessible range of 𝑎. Symbolically, a peak exists when 

there is an exponent 𝑎∗ and a current-carrying mode 𝜑𝑘 such that 

𝜑𝑘(𝑙; 𝑎∗) = 0, 𝜑𝑘(1; 𝑎∗) ≠ 0. (8) 

End-to-end transport, 𝑙 = 𝐿, is the exception. The extremal eigenstates that dominate the 

current are largest at the chain ends and have no node there for any 𝑎; their exit amplitude 

𝜑𝑑(𝑁) never vanishes, so no crossover occurs and 𝐽(𝑎) is monotonic. This reproduces, and 

now explains, the observation of Ref. [9] that nonmonotonicity requires 𝑙 ≠ 𝐿. 

By solving the NESS covariance matrix, we have shown that exit-site placement is the 

decisive geometric control over steady-state transport in a boundary-driven bosonic chain 

with power-law hopping. The current is an eigenstate-resolved sum in equation (7) weighted 

by amplitudes at the injection and exit sites; the exit-site dependence of the current profile is 

therefore a direct consequence of the node structure of the dominant eigenstate of the hopping 

Hamiltonian. 

Two regimes emerge. A node of the dominant eigenstate that sweeps across an interior 

exit site as 𝑎 is tuned produces a finite-exponent peak in 𝐽(𝑎)—the nonmonotonicity first 

seen in Ref. [9], now explained as an interference crossover between a quenched dominant 

mode and the subleading modes. A node pinned by parity (𝑙 = 3 in figure 1), by contrast, 

produces a dark states, that is eigenmodes containing node in the exit site. However, many-

body calculation shows that the current is nonzero for all 𝑎, in contrast to Ref. [9]. Thus, the 

higher particle sectors play significant role in this case. 

5 Conclusion 
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We have examined the exit site dependence of the current profile with respect to the power-

law exponent 𝑎, which determines the degree of the long-range coupling. For end-to-end 

transport no peak is observed, while for exit site other than the last site we observe a 

nonmonotonic behavior. In contrast to the single-particle consideration in Ref. [9], the case 

with exit site in the middle of a chain with odd number of sites has nonzero current. We 

elaborated by examining the overlap of the eigenstates of the closed system. Increasing the 

hopping range (smaller exponent 𝑎) changes both the connectivity of the lattice and the 

eigenvectors of the hopping matrix. The reservoir positions select particular components of 

these eigenvectors. As a result, two exit sites at comparable distances can show different 

current profiles if they sample different nodal structures. It is timely and interesting to 

compare the nonmonotonic behavior of the particle current to the anomalous transport in the 

long-ranged boundary driven chain [12], where the NESS conductance exhibit super-

diffusive scaling for 1 < 𝑎 < 1.5. Further studies may also consider the effects of mobility 

edges in localized chain [13] and periodic driving [14]. 

 
This publication was funded by the Indonesia Endowment Fund for Education (LPDP) on behalf of the 

Indonesian Ministry of Higher Education, Science and Technology, and managed under the EQUITY 

Program (Contract Number 4308/B3/DT.03.08/2025 and B/284/UN39/HK.07.00/2025).  

Numerical computations were performed using the QuTiP [15] and SciPy package in Python 3.x. 
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  n
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  J


  a → ∞
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